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m Conventional Solutions]
Solution: 1

Differential equation for mass M,:

F(t) — o
K, x, My e o0ty —x5)

Free Body Diagram of M,

F(t)— k1x1 —f12()%1 - xz) = M1 jé1

= M, 5+ f (& — %) + Kixy = F(1) (1)
Differential equation for M.,

fio(Xq = Xp) M, K; x,

Free Body Diagram of M,

fioldy — Xp) = Koxy = My %,

= M, s, —fi(%; — %) + K;x, =0 ()

(i) Differential equations of the mechanical system are:

M, %y + f (% — X)) + Kixy = F(1)

and M, ¥, —f (X — %) + Kyx, =0

(ii) Mechanical equivalent representation is shown below:

f12

TR X,

w® g [ [ g

.|||—

(iii) Standard force equation:

MX + fx + Kx=F (i)
Standard current equation:
Cod + %¢ + % =17 (V)

Comparing the above equations (iii) and (iv) we get,
M—=C f=s1R K-1/L, F=I
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So, the electrical analogous circuit based on the force-current analogy is given below,

Vi(=xy) MWW V(= x5)
Rya(= 11f;5)
(=1552t)) D E Li(=1K) T C(=M)  ZCy=M,) 3 Ly(= 1/K,)

Solution: 2
Consider the FBD of given system as:

Kx ~——

M t—F

fX < |

Free Body Diagram of M
Differential equation of the system:

= F—-Kx-fx = Mx
= MX + fx + Kx = F
Now, the integrator based electronic circuit to simulate the above mechanical system is shown below,

£t
M Integrator
F ., k i

a1
M X% )
K
M
o f o K 1
X+—X+—X=F-—
= M~ M M
Solution : 3
_ 10
For the given close loop system,  G(s) = o(5+7)
H(s) =5
10
G(s s(s+1 10
re - 8@ _ (10) .
1+ G(s)H(s) 14 «5 S +s5+50

s(s+1)
The sensitivity of T(s) with respect to G(s) is given by,

ST= 1 _ S(S+1)
" 11 GoHS) L +5+50

To calculate at Sé at o = 1, substitute s = jo to convert the time domain function to frequency domain.

. Jo(1+ jo) _ —o + jo
56 = (j0P+j0+50  (50-0?)+ jo
[www.madeeasypuincations.org MRDE ERSY
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For the value of ® = 1

-1+ /1
T _
Se = 49+ 1
- |sT| - L~ 002885
49?7 +1
The sensitivity of T(s), with respect to H(s) is given by,
_fo)
7 _ —GH(s) _ s(s+) __ =50
H ™ 11 G(s)H(s) 1410 5 s%+s+50
s(s+1)
Replacing ‘S’ by jm to convert the function to the frequency domain, we get,
T -50 -50
SH = —5— = 5
(jo)* + jo+50 (50 - )+ jo
Ato =1 S p——
=0 H = 49+ 1
-50
5| = 12200 _1 0000

VA9 +1

It can be observed that S[, is more than Sg i.e. output of the system is more sensitive to the variation in
H(s) rather than G(s).

Solution : 4
The transfer functions has three poles and one zero, therefore the transfer function consists of one termin
the numerator and three terms in the denominator.
The poles are located at s =0, s = -2, s = -4 and zero is located at s = -3.
The transfer function is thus,

K(s+3)
G(§) = ——F—
(s) s(s+2)(s+4)
It is given that s = 1, the value of G(s) is 3.2.
G) = 3.2= K(1+3) __Kx4
s(1+2)(1+4) 1x3x5
K- 3.2x1x3x%x5 —12
4
12(s+3)
Gls) = s(s+2)(s+4)
Solution : 5
The network equation are,
o 1r .
e = Ri+[idt ()
and e, = 1jidt (i)
c
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Assuming initial condition as zero and taking Laplace transform on both sides of equation (i) and (ii), the

following equations are obtained:

E(s) = RI(s)+~ 1) (i)
C s
1 1(s) .
E(s) = — 22
or o(S) C e (iv)
E(s) = F)’+é]l(s) (V)
;
and Ey(s) = gl(s) (Vi)
From equation (v) and (vi), the transfer function is obtained below.
1
E(s) gl
E(s) 1
! R+— |1
|: +Cs] (s)
or Eq(9) _ 1
E;(s)  (RCs+1)
EEEE
[www.madeeasypuincations.org MRDE ERSYH ©Copyrigh9




Block Diagram
and Signal Flow Graph
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m Conventional Solutions]

@ -

Solution: 1

=
=

R(s) @ ({Q 10

10 1+ 10s
Rs) - S c(s)
s

1+ 10s

R(S)‘%— Ms+1| | s ce)
10(1 + 10s)

R(s) C(s)
(% s(11s + 1)

~10(10s+1)
Cos(11s+ 1)
H(s) = 1

(%]
+
—
(%]

Solution : 2
The given signal flow graph is as follows:

To determine Y2 :
:

vaw.madeeasypuincations.org MRDE ERSYH © Copyrigha
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Using Mason’s gain formula,

Yo _ 1 iP,. A ;N =Number of forward paths
i A S '
Forward path gains, P, =1
Individual loop gains, L, =-G,H,
L,=-G;H,
Ly, = -G,G,G;H,
L, =-H

There are no three non-touching loops.
So, A=1-(Li+ L+ L+ L)+ (L L+ L L+ L, L, +L5L,)
=1+G,H, + GyH, + G,G,G,H, + H, + G,G;H,H, + G,H,H, + GyH,H, + G,G,G,H,H,
A=(1+H)(+G H +GyH,+ G, G, Gy H,) + G,G3H, H,
Loop-2 and loop-4 are non-touching to the forward path, hence,
A =1-(L+ L)+ (L, L)=1+GH,+ Hy+ Gy H,H,=(1+ H,) (1 + G; H,)

So, the gain % can be given as,
1

Yo _ RA_ (1+H,) (1+ G5 H,)
Vi A GyGyHiHy +(1+ Hy) (1+ G, Hy + Gy Hy + G, G, Gs Hs)

To determine Lo :
Y4

Forward path gains, P, =G, G,G; G,

P, = G, G;
There is no non touching loops for forward path-1,s0 A, = 1
Loop-2 is non touching to the forward path 2. So,

A, =1-L,=1+G;H,

The gain % can be given as,
1

[@ Copyright MRDE ERSYH www.madeeasypuincations.org]
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Yo _ PA+RA,
Y A
G1G,G3G, +G,G5(1+ G5 H,)
GGs HiH, + (1+ Hy) (14 Gy Hy + G Ho + Gy G, G5 Hs)

To determine 17 Yo o Vi n
Yo Yo Vi Yo
From the given signal flow graph, it is clear that,
Y _ Ve
Y1 Y1
So, the gain aa can be given as,
Yo
Y _ Ye N1
Yo Yi Yo
B 61626364+G1G5(1+GSH2)>< A
- A (1+ H,) (1+ Gs Hy)
_ GiG,G3G, + G G5(1+ G Hy)
a (1+ H,) (14 G5 Hy)
Solution : 3
When R, =0

Ri(s)

(|
L]

o(s)

C(s)

[www.madeeasypuincations.org MRDE ERSYH © Copyrigha
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|| Hy/G, ||

G, G
Ris) —3) R—~6nr o6

‘ [~

GZ G3
Ri(s) M 1+ G, Hy + G, H, Cls)

[#]

GG,Gs
C(s)  1+GsH, +G,H,
Ri(s) 14 Gy GoG3H,
1+ GsH, + H3G,

1+ G3H, + GyHy + GiG,GsH,

(b) WhenR, =0

Now remove the summing point since feedback is negative therefore put sign with H,.

o1
1] R,
2
o€ — o)
1
(]
A
(-]

— C(s)

[@ Copyright MRDE ERSYH www.madeeasypuincations.org]
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Now, interchange the summering point 1 and 2

MRDE ERSY

I _H1 G1 I
Shift the summering point after the block
R,
7
G, TTGH; 3 @ C(s)
1
TG,
|| —H,G; ||
R, 3 @ C(s)
H2
1+ G,H,
_G1GZH1
1+ G,H,
R, 3 @ C(s)
—G1GH - Hy
1+ G,H,

1+ G,H,

Ra(s) 1_[ ~G,G, H,— H, } & " 14+ GG,GaH; + GaHy + Gy

MRDE ERSY
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Solution : 4
For the given equations the SFG is drawn below.
Number of forward paths = 2

The gain of the paths

Gain of individual loops

Gain of two non-touching loops
Lilg = GGy Gy
LyLs = GpGysGiy Gy
Since, all the loops touch the forward path (i) .. A, =1-0=1
Loop Lg do not touch the second forward path A, = 1-G,,
A=1-(Li+ L+ L+ L, + L)+ (LLg+ L,L)

x5 MiA+ Mo Ay

X5 GiGo3G34Gas + GG Gas (1- Guy)

Xy 1=(Go3Gas + GogGaaGap + GpgGi3sGasGsp + Gog + Gas + Giuy)
+ (GGG + GogGas — GspGis)

Solution : 5
For SFG is shown in figure. The gain of the forward paths.

M, = G,G,G, A =1
M, = -G,G, Ay =1
-G,

R(s)

Individual loops

L, = -G,G,H,

[@ Copyright MRDE ERSYH www.madeeasypuincations.org]
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L, = -G,GyH,

L, = -G,G,G,

L, = GG,

L, = G,H,

C MA+MA, GG,G; -GG,

R - A " 1+ GGoH, + G,GsHy + GG,Gs — GG, — G4Hs

Solution : 6
We will eliminate the nodes between R(s) and C(s) till one branch is left.

We get the following signal flow graph by reducing the inner feedback loop.

R(s) C(s)
1 3
_H1
G,4G5 (1 + G,H,) + G,G,G,G,
1+ G,H,
R(s) C(s)
1 3
_H1
Hence,
C(s) G,G,G;G, +G,Gs(1+ G,H,)

R(S) ~ 1+GyH, +(G,GsHy)(1+ GoHy) + GG,G4G,H,

MBDE ERSY @Copyng@
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Time Response Analysis
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m Conventional Solutions]
Solution: 1
For K,=0
(Kp+ KpS)
R(s) j@ S’(’S " 1") C(s)
s Kp +Kps Kp +Kps
Rs)  s(s+N+Kp+Kps 82 +(Kp+1)s+Kp
So, 0, = /Kp
28w, = Ky+ 1
KD +1
= €=
2\Kp
. 1 2
Time constant = =
Eo, Kp+1
Now, Time constant = 1
2 1
= Kp+1
= K, =1
Now, £E=09
- Ko+1 _ 59
2Kp
— 10
100
= KP = F
= K, =123
Solution: 2
K
(0) G  s(s+2 4K
+GH Ks S(4s+8+K)
4s+2)s
G 4K 3 K
1+G  4K+5(45+8+K) K+s(s+2+§)
Characteristic equation = 1 + G(s)
= 82+(2+§)S+K

vaw.madeeasypublications.org
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(ii) For K=10,
Characteristic equation = s + 455 + 10

Comparing with: s + 28w,S+ 0),27

We get, o, = J10 rad/sec = 3.16 rad/sec
26w, = 45
£=0.71
(iii) For critical damping,
E=1
as, 0, = JK
2w, = 2+§

K
2><1><\/R = 2+Z

K2 - 48K+ 64 =0
K=1.37 or K=46.62

= for critical damping
(iv) For K= 10, o, = 3.16 rad/sec
£=0.71
For second order system, with unit step input,

e‘éwn[

e
0y = Job —&%nf =2.22

—2.24t
e

f=1-

ot) = 1 07

o= tan™ [1-¢
g

o) = 1- sin(wyt + )

sin[2.22t + 45°]

\ . T T
First peak overshoot time, t, = w—d = 595 =1.415sec
Magnitude of first peak overshoot,
o™
M, = e e =4.21%

Solution: 3
The next redrawn block diagram of the given tachometer feedback control system is,

10

R(s) $2+ (4 + 10K,)s

C(s)

H(s) = 1

[@ Copyright MRDE ERSYH www.madeeasypuincations.org]
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Now, overall transfer function = T{(s) = Qs)
F(s)
10 _
= " = - ()
s +(4+10K,)s+ 10
Given that, & = damping ratio = 0.8

From equation (i) characteristics equation is,

2+ (4+10K)s+10 = 0
After equating it with the standard 2"9 order characteristics equation we get,
o, = [10 =3.16rad/sec

n

and 2Zo, = 4+ 10K,
= 10K, = 1.0596
= K, =0.105
Now, Peaktime(tp) - T _166sec.
2
O, 1_§
[ 2
Peak overshoot (M,) = e_”/ &% _ o418~ 00151
%Peak overshoot = 1.51%

Also, damped frequency (o) = 01— &2 =1.897 rad/sec
Settling time for £2% tolerance band is,

t. = 4 = 1.58 sec.

° o,

Solution : 4

A9 a

Transfer function - = ——=CLTF
R(S) s?+Ks+a

If G(s) is the forward function for unity feedback system, we have
o) _ Q9 _qurr

R(S) ~ 1+G(s)
.a
_ CLTF _ £ +Ks+a
OTF=ToFT, a
P +Ks+a
a
G(s) = —s(s+K)
a
Positional error coefficient Kp = ngG(S) = sgom =oco
- i Lt sG(s)= Lt s- a__a
Velocity error coefficient K, = =) 50" ss+K) K
Q
Acceleration error coefficient K, = sé)toszG(s) = sgo § m =0

vaw.madeeasypublications.org MRDE ERSYH © Copyrigha
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Solution: 5

We will find out the steady state error due to each input, assuming other input to be zero, and add both to
find out total steady state error

1 10
R(s) 7+0.1s (s+1)(1+0.2s) Cls)

(i) Let R=10, T, = 0. The block diagram will look as follows

10

GS) = 30185+ )+ 0.29)

Ko

10
Lt G)= Lt ~10
L3S = K 096+ 907029

Steady state error 6 = A __10 _10

= = (i)
1+K, 1+10 11
(i) Let R=0and T, = 4. The block diagram will become as given below.

T,=4

10

T+01s s+ (1+029) )

By applying the Mason’s gain formula between T, and E(s).

10
Es) _ \ 1)[(s+1)(1+0.2s):|(_1)

[ 10 ][ 1 ]
1+
(s+(1+0.25) || 1+0.1s

B 10(1+0.1s)
T,(s)  (s+1)(1+0.25)(1+0.15)+10

e = Lt SE(s)

ss — -0

10(1+0.1s) ] 4 40

Lt s X—=— (2)
s=0 [(s+1(1+0.25)(1+0.1s)+10| s 11

10 40 50
Totalerror = (1) + (2) = +—=—

- — =454
11 11 11

Solution: 6

15
As) _  (s+N(s+3) _ 15
As) 4, 15 s°+4s+18
(s+N0(s+3)
(@Copyright mRDE ERSY
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Hence, characteristic equation is,
?+4s+18=0

, = /18 = 4.2426 rad/sec

2w, = 4
£=04714
n
Now, time at which ¢(1) will experience maxima is given by t,= m_n .
o

where n=1 ... 18t overshoot

n=2 ...1stundershoot

n=23 ...2" overshoot
tfor 1t undershoot = 2n

Oy

0, = o1-& =3.74166 rad/sec
This can be shown as follows.

c(t)

e

n=1 n=2 n=3 time

.. tfor 18t undershoot = =1.6792 sec

27
3.74166
now time period of oscillations is related to w4 by relation, = 2—:

Where T = Time period,

2n 2n

— =——"——=1.6792 sec/cycle
wy; 3.74166

T=

For 18t cycle, output will take 1.6792 sec.
Now the time for 1 cycle is known and if it is known to us that what is the time required by the system to
achieve steady state, we can find how many cycles output will perform before reaching steady state.

t = i=23ec
r &mn

So, 1.6792 sec for one cycle, how many cycles output will performin 2 sec.

1.191

2 —
1.6792
Output will perform 1.191 cycles before reaching the steady state.

Total number of cycles =

vaw.madeeasypublications.org MRDE ERSYH © Copyrigha
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Solution: 1

Characteristic equation:

= S(s+1)(s+2)(s+3)+K(s+a)=0
= S(s+1)(s2+55+6)+K(s+a)=0
= S[sP+582+65+52+55+6]+K(ls+a)=0
= [P +6s2+11s+6]+Ks+a)=0
= S +68f+11f+(6+K s+Ka=0
st 1 11 aK
s3 6 K+6
2 | 66-(K+6) »
6
1 6akK
s | K8 ke
6
s° akK
From s2now
66 — (K +6) -0
6
= K < 60
From s® now
akK>0
= K> 0 [Asgiven a>0]
From s'now
36aK
K+6)-—
K+6)-50-Kk > ©
36aK
K+6+——
= K —60 >0
36aK
= K+ 6 > 50K
. (K+6)60-K) _ _
36K
(K +6)(60 —K)
= 36K
. o (60K — K? + 360 - 6K)
36K
. o (54K - K? + 360)
36K
1 360
—| 54 -K+—
- a< 36( a )

MRDE ERSY

so, range of K ;

vaw.madeeasypublications.org
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Solution: 2
K(s+2)
s> +Ps® +3s+2

Given that, G(s) =

Since the system is critically stable so,
E=0
From equation (i), the characteristics equation is,
S5+ Ps?+3s5s+2+Ks+2K=0

= S+ Ps2+(B3+Ks+(2+2k=0 ()
So, Routhian-array constructed as,
s® 1 (3+K)
s P (2 +2K)
N (3P+KP—2—2K)
P
s° 242K

The system have a sustained oscillations with a frequency of 2.5 rad/sec if s'-row is zeroi.e.
B+KP=2+2K
= 3P-2 =2K- KP ..(iii)
So, Auxiliary equation along s2-row is,
Ps2+2+2K=0

= P(jo)? = —(2 + 2K)
= 6.25P =2 + 2K
_ 2+ 2K (v
6.25

Now from equation (jii),

2+2K K(2 + 2K)
= -2 =2K-——=

SX( 6.25 ) 2 6.25
= 654+ 6K-125K+2K+2K2=0
= 2K2-45K-65=0
: K = 3.25and -1
Gain(K) = +ve so, |[K =3.25
Now from equation (iv),
P=1.36

Solution : 3
_ . (8+2)(s+1)
&) K(s—1) (s+0.9)
H(s) = 1 (unity feedback)
K(s+2)(s+1)
(s-1(s+0.9)
Characteristic equation = (s—=1) (s +0.1) + K(s+2) (s+ 1) =0
$2-09s-0.1 + K(s2 + 35 + 2)
(K+1)s? + s(BK-0.9) + (2K-0.1)

1+ G(s) H(s) = 1+

=0
=0

[@ Copyright MRDE ERSYH www.madeeasypuincations.org]
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Using Routh’s tabular form: S lI(K+1) (2K-0.9)
s |3K-09
1 |2K-0.1

For O poles in RHS of s-plane
All the coefficients in 1st column must be of same sign
K+1>0=> K> -1
3K-09>0= K>0.3
2K-0.1>0= K>0.05

For 1 pole in RHS of s-plane there should be 1 sign change in first column.

K> -1
K< +0.3
K < +0.05

o 0.05 > K> -1

For 2 pole there should be 2 sign change
K< -1
K< 0.3
K > 0.05

0.3 > K>0.05
Solution : 4

s° 1 2 11

st 1 2 10

& lo= 1x2-1x2 1= 1x11-1x10 0

1 1
2

MRDE ERSY

While forming the Routh array as above the third element in the first column is zero and thus the Routh
criterion fails at this stage. The difficulty is solved if zero in third row of the first column is replaced by a

symbol € and Routh array is formed as follows:

s 1 2 11

st 1 2 10

s € 1 0

@ | &2=™__ 10 o
e—>0 €

s Lz‘(1—1082]=1 0 0
€0 2c—1

SO

The limits of fourth and fifth element in the first column as € — 0 from positive side are —- and 1 respectively,
indicating two sign changes, therefore, the system is unstable and the number of roots with positive real

part of the characteristic equation is 2.

MRDE ERSY
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Solution: 5
st 1 15 K
s® 20
s? 14.9 K
o | 29-8-20K
149
s° K
(a) For stability
K>0
298-20K >0
K< 149

(b) For marginally stable K= 1.49
Auxiliary equation A(s) = 14.95% + 1.49

14952 = —1.49
= s2 = 0.1
s = +/0.316

o = 0.316rad/sec

.. Frequency of sustained oscillation = 0.316 rad/sec

Solution : 6
The characteristic equation of the system is
1+ G(s) H(s) =0

K(s+5) B
s(1+Ts)(1+2s)

s(1+T7s)(1+2s)+ K(s+5)=0
2Ts® + (T+2)s2 +s(k+1)+5k=0
.. Routh’s array is

s° oT
s? T+2
S (T+2)(K+1)-2T x5K
(T+2)
s° 5K
From last row 5K > 0
K must be positive
From row of &
(T+2)(K+1)-10KT> 0
. 2K+ T+2-9KT>0
Limiting value of 2K+ T+2-9KT>0
e K< 2*T
9T -2

I Rank Improvement Workbook 25

K+1
5K
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*. Region in which a closed loop system is stable is

Unstable

Unstable

Unstable

9T-2 Considering positive
values of Kand T

Solution: 7
11 4 5 2
136 30
s*12 4 20
0000

Row of zeros
A(S)=28"+4s2+2=0

ie. +22+1=0
%?:433+4s
11 4 5 2
13 6 30
s12 4 20
|4 400
12 200
s'|0 00O

Row of zeros again,

d§23)=4s=o
11 4 5 2
13 6 30
s12 4 20
14 400
(2 200
s'|4 000
2 000

No sign change in the 15t column.
- Number of RHP =0

Il
T T T T T T T
01 02 03 04 05 06 0.7

MRDE ERSY
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Row of zeros occur twice implies the auxiliary equation roots are multiple or repeated.
Number of joP = 4 (repeated)

Number of LHP =2

As there are repeated roots on imaginary axis, system is unstable.
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m Conventional Solutions]
Solution: 1

e Root-locus of any control system is fully depends upon Open Loop Transfer Function (OLTF).
Given characteristic equation is,
= S(s+4)P+25+2)+K(s+1)=0

= 1+ Ks+1 =0
S(s + 4)(s® + 25 + 2)
Comparing with 1 + G(s) H(s) = 0, the open-loop transfer function,
K(s+1)
S(s + 4)(s® + 25 + 2)
The open-loop poles are located at s = 0, -4, (-1 + j1) and (-1 —/1). So, n = 4.
The open-loop zerois located at s = —1. So, m = 1. The pole-zero configuration is shown below.

G(s) H(s) =

Img

--¥
&
=

e
\x\ Re

i [ o
D

Angle subtend by zeros = ¢, = 90°
Angle subtend by poles = ¢, =0, + 6, + 6,
Angle of departure = ¢, = 180° - {0~ ¢ ,} ..(0)
Root locus on real axis is in the region -1 < s < 0 and s < —4.
Number of asymptotes =n-m=4-1=3

2g + 1)180°
Angles of asymptotes, ¢, = w; g=0,12
n-m
Putting values

¢, = 60°,180°, 300°
(sum of real parts of poles — sum of real parts of zeros)

Centroid =
n-m
0-4—-1-1-(-1
Centroid = { ( )}
3
) -5
Centroid = 3 =-1.67

Angle of departure at s = -1 + J:
0, = 180°—(0,—¢,) = 180° + (0,—¢,)
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GH(s=-1+)) =

ZGH(s =1 + )

K(=1+/+1) 3 K
=1+ N1+ j+ D1+ 7+ 1+ ) a 21+ )38+ ))

;
-135°—tan™ 3= —135°-18.435° = -1563.435°

180°-153.435° = 26.565°

%

Since the root locus is symmetrical about the real axis, the angle of departure at s = -1 — jis —26.565°.

= The intercepts of the asymptotes is nothing but intersection of Root Locus on the jo axis and it can be
determined by the use of the Routh criterion.
Here characteristic equation is,

or

S(s+4)s2+25+2)+ K(s+1)=0
+68f+10s2+(K+8)s+K=0

Critical value of K'is given by

st 10 K
|6 K+8
s*| 60-K -8 K
6
(52-K) (K+8) gk
g (SS—K)/G 0
LK
(652-K)K+8) o _

6
(52— K)(K + 8) — 36K = 0
416 + 44K — K2~ 36K = 0

K2 - 8K—-416 = 0

. 8+ .64+ 4x 416

=24.785
2

8+41'57
2

[Negative value of K has been discarded as K > 0 according to Routh array.]
Putting array along s? row,

wy +24.785 =0
4536 2+ 24.785 = 0
-24.785
2 _ —_
536 5.464
s = +j2.34

vaw.madeeasypublications.org
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The complete root locii is shown below:

180°

-4
From triangle ABC, we have
t 600 —_ L
ey = Te7
= Y =2.89

Solution: 2
Characteristic equation is given as
1+G(s)H(s) = 0
On comparing this characteristic equation with the equation given in problem, we have

K Jjo
G = S5+ 2)
P = Number of open loop poles % x *—=

= 3 = number of branches on root locus
Z = 0= Number of branches terminating at zeros.

Angle of Asymptotes: The P— Zbranches terminating at infinity will go along certain straight lines.
Number of asymptotes = P-Z
=3-0=3

180°(2g + 1)

0 = P g=0.12 ..
180x(2x0+1)

T T g

18Rty

3

180°(2x 2+ 1)

6, = —— o =300°

=60°
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Centroid: It is the intersection point of the asymptotes on the real axis. It may or may not be a part of root
locus.
¥ Real part of open loop poles — X Real part of open loop zeros  0-—

. 1
Centroid = - = 3

Centroid — (-1, 0)

Break-away or break-in points: These are those points whose multiple roots of the characteristic equation
occur.

5(2+35+2)+K =0 jo

K = —(s® + 35% + 2s)

% 2 _ \
05 —(8sc+65+2)=0 y : x'/x
s = —0.422,-1.577 2 15 —1*55\\0 °
Now verify the valid break-away point h
K = 0.234 (valid) at s = —0.422
K = negative (not valid) at s = -1.577

|
o
SN
N
N
\\
<
N
N
N
N
N
N
N
\\ |

’
-
7
.
.

Solution: 3
Characteristic equation : 1 + G(s)H(s) =0

e K
s+ )(s+4) =0
ie. P +582+45+K=0
K=-83+55-4s
ak
— =-352+10s+4=0
ds

~ —10+v100-4x4x 3

Breakaway points

2x 3
= -0.46,-2.86
Substituting in expression of K
For s =-0.46, K= +0.8793
For s = -2.86, K=-6.064
. For s = -0.46, K is positive

Hence, s = -0.46 is valid breakaway point for the root locus

Im

-2.86

invalid -0.46

not on valid
root locus
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Solution : 4
Poles are 0, 0, -9 and zero is —1
Therefore, P=3, Z=1

Number of asymptotes= |P - Z| = 2
Number of RLD branches = 3

Centroid, ¢ = —

;/l=0and1

Angle of asymptotes, 6,

6, = 90°, 08, =-90° or 270°
Break points:

2
14 /g(s+1) _ o Ke -5°(s+9)
s°(s+9) (s+1)
adK
E =0
d(-s%s+9) 0
ds| s+1 -

(s +982)(1) = (s+ 1)(8s% + 185)] = 0
s +95°-3s%-35°-185°-185s=0
-28%-12s-18s5=0
= $+6s2+9s5=0
s(s+3)(s+3)=0

s =0 and s = -3 are the break points

o .
' s®+9s%
$2+92 + K(s+1)=0

At s =0; 0+0+K=0

K=0ie. +ve
At s = -3; (<32 +9(-32+K-3+1)=0
—2K+81-27=0
K = 27 i.e. positive therefore at s = 0 and s = -3, the value of K'is positive, therefore the break points are
valid.
The RLD is shown below,

K—oo

S = -3 break
point

s-plane

K=0

e
Ea
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The breakaway and break-in points can be located from o =0

Since, K = —(3—1)(32 +4s+7)

= —(33 +3s? +33—7)

MRDE ERSY
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Solution : 5
Open loop poles are located at s =1, s = —2+j\/§ and —2—j\/§. A root locus exists on the real axis
between point s = 1 and s = —~. The asymptotes of the roof-locus branches are found as follows:
+180°(27 + 1
Angle of asymptotes = % = 60°, —60°, 180°
The intersection of the asymptotes on the real axis is obtained as
_1=2-2_
°= 73

ak
We have — =—(352+6s+3)=0
as
Which yields (s + 1)2=0
= s = —1is a break point
7
v
JW3) (K=16)
K—o K=0
3 -2 0 1
—(3) (K= 16)
\/P
NN
SRS
Point of intersection of the RLD with respect to imaginary axis.
CE: (s—1)(s?+4s+7)+K=0
$+352+35-7+K=0 5 3
The Routh’s tabulation for above equation is s 3
9+7-K=0 s? k=7
9-K+7
K =16 s 3
Auxiliary equation: AE =382+ K-7=0 0
sl K-7
3s°+16-7=0
s= +jJ3
EEEE
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Solution: 1

G(s)

Gljm) =

|Gjo)| =

£G(jo)

H%G@d% =

ZG(e /?)

lim G(Re'®) =

R—oo

ZG(Rel?) -

Control Systems

m Conventional Solutions]

E(s)

MRDE ERSY

R(s) G(s)

C(s)

Kk
s?°(1+sT)

K K
—0?(1+joT)  o?(1+0?T?)

JKT
w(1+m2T2)

K
o’ V1+ w°T?
n—tan'oT

K K
2 520~ 22

Jjo

_» Nyquist contour
-j26 1

jo"

I
—|—%

jo

3
>

e ) > Nyquist
. plot

e
1

This system is unstable as the Nyquist plot encircles (-1, 0) twice in clockwise direction.
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Solution: 2
Initial slope —6 dB/octave or —20 dB/decade represents pole at origin

Gain in dB T —20 dB/decade —20 dB/decade
1 2 10 / 100 o (log scale)
0 T T *
-20dBf|---- ! !

[

N e
4|o

—40 dB/decade

9

g

—20 dB/decade

Corner frequencies o = 2, 10, 50, 100. Where o = 2, 100 — zeros, o = 10, 50 — Poles
K(;H)[ 130”)
G(s) =

{ear

At =1 |Gljo)|=-20dB, so —20 = 20log,, K - 20log,,® at = 1

K= L
10
(1+Z)(1+1go)
N Gls) =
(103)(1+s)(1+s)
10 50
Solution: 3
K R(s) e cts)
As) _ _Ss+ta) _ K
R(s) 14K s?+as+K
s(s+a)

o

Comparing the above equation with the standard second order equation as = 5 5
5% +28m,5 + o

On comparing (o?, =
28w, = a
Given M = 1.04= !

L xh-g
E2(1-£?2) = 0.231139
E4-E24+0.231139 = O
& = 0.622,0.7983

For the real values
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So, the appropriate value of £ = 0.622
Now, ®, = 11.55rad/sec = w,\1- 22

o, = 24.283rad/sec
Now K = 0),27
K = 589.66
Xo, = a

Solution : 4

MRDE ERSY

= 4900—[1800—tan—1(m)+180°—tarr1 (g))

Im
Nyquist contour
Joo s-plane
C
c, z
0 Re
C3
—j°°
Mapping sections ‘C,’ of the Nyquist contour.
Substituting s = jo, 0 < @ < eo.
, . 8jo
G(jo) H(jo) = ——F——
(jo-N(jo-2)
8w
(0 +7) (0 +4)
w=0 0£90°
®= o 0£-90°

Point of intersection of the Nyquist plot will respect to negative real axis.

ZG(jo)H(jo) = —180°at ® = e

()]
90°~180° + tan ™" w,, —180°+ tan‘1% = —180°

(O]
tan™ @, +tan‘1% =

(O]

oc
Poe 5" 2
> =% = Wpp =2
1 Bee

2

., = ~2rad/sec
8w

POI = a=|G(jo) = pe

o=pe \/(mgc +1) (mgc +4)

MRDE ERSY
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82 82 8
Je+n(2+4) 18 3
Im

O
2\ %4

_8\ (1,0 W= oo Re
3

&)

Mapping section C, of the Nyquist contour substitute s = Rlim Re/® :90° > 9 > -90°
— oo

) . 0
im | G(Re®) H(Re")| = lim - 8Re”  _g
R R-=(Ref 1) (Re” -2)

Mapping section C, of Nyquist contour substitute s = jo; —e<w<0
It is shown below,

Im

wt
-1
vwzm Re

Combining all the above section
G(S) H(s) plane

Re
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MRDE ERSY
gL\ 4 ;
-5 ;
N=P-Z P=2 N=2
Z=P-N=0; stable
Solution : 5
e—sT
G(s) =
5(0.5s+1) (0.2s+1)
Put s = jo
e—jmT
G(jo) = —— :
o) = 5 j050+ 1) (j0.20+2)
To determine gain crossover frequency o, put IG(ngC) | =1
| e—jmgct
|/cogc(/0.50)gc +1) (JO.204, +7)

;
‘(y)gc\/(O.S(ngC)2 +1 \/(0.20)90)2 +1

or

’
05:(0.2505; +1) (0.0403, +1)

05,(0.2505, +1) (0.0405, + ) -1 = 0
Put 0)2,c =X

By solving above equation with consideration of X instead of coéc ,

0y, = ¥0.8062 =0.897 rad/sec
Phase margin = 180° + ZG,(jo,)

= 180° +(-90°~tan 0.5, ~tan"'0.20,)
The closed loop system is stable with a phase margin is 55.6°
55.6°.

= 90°-tan' 0.5 x 0.897 —tan™' 0.2 x 897
= 90°-24.156°-10.17° = 55.6°

(ii) To make the system marginally stable, the phase angle to be provided by the time delay element —
vaw.madeeasypuincations.org
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The phase contributed with the insertion of time delay element (e7¢7) is
-,/ x180
—F ——— _ 556

55.6 X1
0y x180
oy, = 0.897 rad/sec

_ 55.6xm
~0.897x180

=1.08 sec

Solution: 6

Gls)H(s) = —S¥2 __ Jjot2
(s+N(s—1) (jo+1)(jo-1)

>
%L‘Qn‘1 O [tan [ L |+ 180°—tan [ 2
(0" + 1) (0" +1) 2 1 1

[ .2
= mz—+44—180"+tan‘1 @
(@ +1) 2
=0, G(s) H(s

® =2/-180°=-2
o = o, G(S) H(s

=0£-90°

JO

~

e
1
|
8

_____é _____________
1
8
Q

1]
o
T
N
N
\
N
’
/
/
.
-
-

~_ 7
winversing

N = 1 as Nyquist plot makes one anti-clockwise encirclements of the point (-1 + j0O) and since P= 1.
1=1-Z

Z =0 ; Hence, no roots of the characteristic equations are laying on the right hand side of the s-plane,

therefore, closed-loop system is stable.
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m Conventional Solutions]

R(s) kp + % +kps

Solution: 1

C(s)

s(s+2)

Let the PID controller be

G.(s)

C

Kp +k—1+sz
s

5 |:kps+k, +sz2:|

Cls) s(s+2) s
T(s)= 49 _
© R(s) 14 5lkps + k; + kps®]
°[s+2]
C(s) 5[k, +kpS + kps®]

R(S)  s®+25° +5kps® +5kps+5k,
Now desired location of poles are
s=-8and s=-3 +4j
Characteristic equation = (s + 8) (s (-3 + 4)) (s— (-3 - 4))
= (s+8)(s?+ 65+ 25)
= 5%+ 145 + 735 + 200
Comparingwith C.E = s + (2 + 5k;) 8% + 5kgs + 5k,

2+5k, =14
Ky = %:2.4
5k, =73
ko= 146
5 k, = 200
= 40

1

G(s) = 14.6+4—SO+ 2.4s (PID controller used)

C

Solution: 2
Given that
Phase lead provided by lead compensator
o, = 45° (i)
Gain of the compensator A =10 dB at = 8 rad/sec.
General form of transfer function of lead compensator
Keo[1+sT] |
T(S) = m, O<ax<1
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Keo[1+ joT]

[1+ jowT]
o Phase ¢ = tan' oT—tan"awT
So find the value of maximum phase lead it provide for this

T(jw) =

g
dm
il:tan‘1 oT —tan™ ocmT] =0
dm
1 1
= T = ol =0
1+ 0°T? 1+ 0’0°T?
T = can’t be zero
1 _ o -0
14+ 0°T° 1+ 0’@’T?
1 o

212 — T o o0
T+ o7 1+ 0Pe’T?
1+0202T2 = aw?T2+a

1-o = an?T2[1-ao]
o’ T2 =1
1
ST ()
So at o= \/_17_ maximum phase lead will occur.
o
1 ol-T
. maximum phase lead = tan™ .T—tan™
¥ o JoT Jo
11 1
0, = tan 1T—’[an Jou
o
1(1-o) N
- a1 0= & 1
O o N\ (1-0)
- 1—(1) o
= sin
or, ¢m (1+0L 2T
Given o, = 45°
45° = sin 1(1_—)
1+a
sin45° = 1za
+o
1 _1-a
NCERET
T+o=2-2a
(A+2)a = 2-1)
oy Y2
1+/2
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Given that gain at o = 8rad/secis 10 dB
Ko+ P2
gain in dB = 20log K o1+ &°T?

10 = 20 log oK, + 10 log(1 + ®? T2) =10 log(1 + a? ®? T?2)

2712
10 = 2010g 0.1715+10 log ”‘;’—22 +20log K, (i)
1+ o T

A= [T(jo) =

1
W= \/ET

Given that o = 8rad/sec.
o 1 1
- Joo 0.1715x8

Now from equation (ii), 10 = 201log O.1715+10|og[

14+ 0°T?

1+ 0’w’T?

J + 20log K,
20log K, = 17.6581
log K, = (17.6581/20)
K . = (10)0-882905
C

K_ = 7.6366

7(g) = Ke1+79) _ 7oy 01715 (1+0:3018s)

1+ aTs) (1+0.1715% 0.3018s)

(1+0.3018s)
(1+ 0.0518s)

.. Transfer function will be

T(s) = 1.31026

Solution : 3

20
G(s) = s(1+s)(1+ 2s)

Let controller transfer function be
G (s) = Kp + sK,

Cc

H 68 G 20(K, +sKy)
enee, (8) GelS) = At o)+ 29)
At w = 1.2 rad/sec, phase margin = 30°,
PM = 180 + ZG(jo) H(jm)
Hence G(1.2)G(j1.2) = 1£-(180°) +30°
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_20(K, +1.2Ky8)
A2+ 1.2)(1+j2.4)

Hence, ~150° = -90° — tan~'(1.2) - tan~1(2.4) + tan~! {1 -/2<Kd ]
P
—150° = —90°—50.194° - 67.38° + tam{ﬂ]
Kp
1'in = 1.574 )

| | | 20(K, +/1.2K,) |
IG(1.2G(j1.2) = 1201+ j1.2)(1+ j2.4)| B

20,/K2 +(1.2K,, )
1.2x1.562x2.6

:

Therefore,

7

K2 +(1.2K4)° = 0.2436 ..(ih)

From (i) and (ii), we get

|

K\1+1574" = 0.2436

or Kp = 0.1306
Putting this value in (i), we get
Ky = 0.171
Controller transfer function,
GJs) = K, + K;s=0.1306 + 0.171s = 0.1306(1 + 1.309s)

Hence, G(5) Gs) = 20x0.1306(1+1.309s)
s(1+s) (1+2s)

(2.162) (1+1.309s)
s(1+s) (1+2s)

We find that at G(j12) G(j1.2) = 1£-150°
Hence, phase margin = 180° - 150° = 30°
Hence, transfer function PD controller = 0.1306(1+1.309s)
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Solution : 4

Let the controller transfer function be G (s) = Ky +ﬁ.
S

AK; +sK,)
s(s+1N)(s+2)

Hence, G(s) H(s) G(s) =

c

System is to have phase margin of 50° at 1.7 rad/sec.

Hence, G(j1.7) H(1.7) G(j1.7) = 1£+180°-50°) = 1£-130°
4K, +j1.7K,)

ja. A+ .72+ 1.7)

G(N.7)H(j1.7) G(j1.7) =

1.7K
Hence, ZG(J1.7)H(1.7) G(j1.7) = -90°—tan"'(1.7)— tan™" (g} tan( < p]

i

1.7K
From this, we get < P = tan59.898°

1

1.7K

Hence, K,-p = 1.7249 (1)
. . . AK; + j1.7K,)
Also, 1.7)H(1.7) G.(j1.7)| = ’ p =1
| GU1L7) HU1.7) Gol1.7)] ‘j1.7(1+j1.7)(2+j1.7)‘
4K + (17K,
o 17x1.972x2.624 ~ |
or KZ+(1.7K,7 =2.199
17K, ¥
or Kiy |1+ K = 2.199
17K,
From (i), we have K = 1.7249
Hence Kﬁh-+1-72492 =2.199
So, K. = 1.1029
Putting this value in (i), we get
K,=1.119
1.1029
Hence, Gs) = 1.119+
Solution: 5
G(s) H(s) = —
S(s+1)
Let the Gs) = K, + sK,
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(KC/+SKd)
Hence, G(s) H(s) G(s) = s(s+7)
At @ = 2 rad/sec, phase margin = 40°, hence
G(2) H(2) G(j2) = 1£(180°-40°)
o Ky tj2Ky)
GRHD) GAR) = 1 )
Hence, —140° = —90°—tan™' 2+ tan™ [%
Ko
or —140° = —9O°—63.434°+tan‘1(2—Kd
Ko
2K
1 d
So, tan [_K ] = 13.434
Io
2K,
or Kk =0.2388
p
|G(/2) H(j2) GC(/2)| = ‘ j(1+ j2) =
K2 + (2K,
Therefore, M =1
2x2.236
or K2 +(2K,)? = 4472
oK, Y
K, 1+ =2 | -
0 +( K, ] = 4472
From (i) and (ii), we get K,1+0.2388° = 4.472
K, = 4.349
Putting this value in (1), we get,
Ky, = 0.519
Controller transfer function GJ9) = Kp + K, s
= 4.349 +0.5198
Solution : 6

Let the transfer function of the controller be
GJ9) = Kp + SK,

10(K,, +sKy)

Then, we have
s(s+3)

G(s)H(s)G(s) =

MRDE ERSY

|

(i)
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Hence, the characteristics equation is given by,

10K, +sKy)
s(s+3)

I Rank Improvement Workbook 49

s= —1.5ij\/§ = 2.692£123.855° is dominant pole of the system. Hence, it will satisfy (i).

Therefore,

10(K,, +2.692K ;£123.855)
+ =
(-1.5+2.236) (=1.5 + j2.236 + 3)

10(K, +2.692K; £123.855)
+ =
2.692/123.855 x2.692 x £56.145

1+ (1.3799£-180°) (K, + 2.692K , £123.855°) = 0

1+ 1.3799K/OL—180O +3.714K ;£-56.145° =0
1-1 .3799Kp +2.069K,—/3.084K, = 0

Equating real and imaginary parts to zero, we get

1-1.3799K, + 2.069K,, = 0

J3.084K, = 0
From these equation, we get K, =0
K, = 0.7246
Hence, G/(s) = 0.7246

Solution : 7

The block diagram of uncompensated system is drawn in figure.

K

R(s)

s(s+2)

C(s)

With tachometer feedback (feedback compensation) the block diagram of figure 1 is redrawn as shown in

figure 2.

K

R(s) 5

s(s+2)

C(s)

(]

The overall transfer function of the compensated system is

as) K
AS) = & +(2+KK)s+K
Since M, =25%
o
0.25 = e W+
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g

-1.38 = — X1 =£=04
J1-€2
z‘p = 1sec
T
z‘p= — T = mn\/1—§2 =7
W, 1_§
T
o, = =3.42rad/sec

T
T2 J1-(0.4)
The characteristic equation for the compensated system is
P +(2+KKy)s+K=0
From the characteristic equation it is noted that

o, = Jk and 28o, = (2 + KK))

342 = Jk
k= (3.42)°=117
2w, = 2 + KK,
2x04x342 =2+ 117K,
K, = 0.065
R K=117
and K, = 0.065
EEEN
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State Space Analysis

m Objective Solutions | § m Objective Solutions |
Bl Ei
2. 8 %ﬁ
El o &
B © %
Bl 2 g
(6. IO g
A g
(s D i
0. I Z
[ 10. {0 E
(1. {8 ff;
[ 12. {0 j
[ 13. 18 Q
[ 14. Q0 %E
[ 15. {00 z
B o g 37. 0
17. {8 f EN e
[18. J0) : | El ®
19, IO 3 [ 20. {0
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m Conventional Solutions]

Solution: 1
Signal flow graph,

From the given state space equations,

X4 0 1 0O x 0 0 U
| =10 0 1 x2+—1o[u1]
i3] |0 -2 -8||x] [0 1]F7?
[0 1 0]
Here system matrix, A=10 0 1
10 -2 -3]
Characteristic roots of system
|sT-A| =0
s 00 O 1 0
= 0 s O0|]-|0 O 1 =0
0 0 s 0 -2 -3
s -1 0
= 0 s -1|=0
0 2 s+3
= s(s(s+3)+2)=0
= s(s2+3s+2)=0
= $+3s2+25=0
= s(s+1)(s+2)=0

s=0,-1-2
Characteristic roots of system are 0, -1, 2.

Solution: 2
X = AX
Take Laplace transform
= SX(s)—x(0) = AX(s) (1)
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For,

From (1)

For,

From (1)

x(0) = _E
L 2
R
) = —2672[
S
| (s+2)
Xs)y=1|" 4
[ 2(s+2) ]
S 1 1
(s+2) B (s+2)
~3s ‘% =A 3
2s+2) 2(5+2)
[ 1
x(0) = _1]
ot ]
(0=
,Lﬁ
X(s) = S+1
1
S+ 1]
s [ A]
s+1|_[ 1] _ 4 s+1
=S| -1 =
S+1 LS+1]
s 4[]
S+1 _A S+1
__s+1 =1
s+1 | LS+ 1]
-1 ] 1]
S+1 S+1
= A
1 -1
S+1] LS+ 1]

I Rank Improvement Workbook 53
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From (2)

Let,

- From (3)

From (4)

Equation (5) - (7)

Control Systems

S ] 1]
S+2 S+2
3| =4
+_
2] | 2(s+2) |
-2 ] 1]
S+2 S+2
= A
3 -3
S+2 | | 2(s+2) |
27 A 1
3 .3
N | 2

3b
_?:_2
_3d _4
2
2
5 =
b=2
a=1

MRDE ERSY
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Equation (6) - (8)

Now, resolvent matrix

I Rank Improvement Workbook 55

o-[la S 2 [ 2T

1 s+4 2
(s—-NO)(s+4)+6] -3 s-1

1 |:s+4 2}
s +4s-s-4+6| -3 s-1
1 [s+4 2}
s?+3s+2| -3 s-1
1 s+4 2
(s+N)(s+2)] -3 s-1
[ 1 1 s+4 2
|s+1 s+2]| -3 s-1
[s+4 s+4 2 2
S+1 s+2 s+1 s+2

_3+ 3 s—1_s—1
Ls+1 s+2 s+1 s+2

14 3 1 2 2 2
S+1 5+2 s+1 s+2
3 N 3 2 N 3

L s+1 s+2 S+1 S+2

3 2 2 2
S+1 S+2 s+1 s+2
-3 . 3 -2 N 3
[s+1 s+2 s+1 s+2

Taking Laplace inverse we can write the state transition matrix as follows:

o(f)

[ 3¢ —2e2 et 27

2t 26 4367

| -3¢ +3e
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Solution: 3
Transfer function
Y(s)  s°+3s+4
Us)  s®+2s%+3s+2
X(8) = — 21 (s® +3s+4)
Xi(8) U(s) (s°+25“+3s+2)
Case (i)
X1(S) _ 1
Us)  s®+2s°+3s+2
= X,(8) (8% + 25+ 3s + 2) = U(s)
Axy(t) L dx(t)
= +2 +3 +2x(t) = u
ar ar? !
dx(t)
Let, T =X,
a’x () .
= Xo = X
df2 2 3
I NP N NP N
R 3 2 1
Output equation
Y(s) 5
=(s+3s+4
Xi(s) ( )
= Y(s) = (s2 + 3s + 4) X,(s)
Axy(t) . dxt
y(t) = d);;( )+3 )CC;Z‘( )+4x1(l‘) = 4x, + 3x, + x5

State model of system in phase variable form

For observability

Observability matrix;

)'C1 O 1 O Xq O

)‘Cz =10 0 1 Xo |+ Ofu
).Cs —2 —3 —2 X3 1
X4
y=14 3 1|x
X3
C
0,= | CcA
CA?
o 1 1
cA=[4 3 1|0 0 1|=[2 11
-2 -3 -2

vaw.madeeasypublications.org
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0O 1 0
CA2=CAA=[-2 110 0 1
-2 -3 -2
=[-2 -5 -]
4 3 1
therefore; OM =-2 1 1
-2 -5 -1
0,, matrix is non-singular matrix hence the system is observable.
The smallest time constant of systemis 1 seci.e. t = 1 sec.
Solution: 4
(i) Letuschoose i, and e to be the state variables. L )
1
KCL atnode ‘A, 0 -
. . . Loop 3
—l1+lc+12=0 R, i;> R,
= I c= i 17 i2 MW LA MW
Applying KVL in Loop 1, R, s te R
. . . > - 1
Riiy + Ryliy —i) = e, - e Loop 1 —=C, Loop2 .
or (Ry + Ro)iy — Ry = ;- 611 ~) i F-- Iec i TQQ
Applying KVL in Loop 2,
Ry(i, — i) + Ry, = e,— €,
or i(Ry + R,) = Ry, = e,— 6, (i)
On solving equation (i) and (ii) we get,
. e —e.+hRyi
R +R,
and i, = e —6e +Rsi
R+ R,
Now applying KVL in Loop 3,
L% + RZ(iL - 12) + R2(iL - 11) = O
at
Ri 4+ Ri = i .
or iy + Roiy = LEJF 2Rsi; (i)
Putting value of i, and i, in the equation (iii),
e — €+ Roi ec -6 + R ;
R 1 C 20 +R C 2 2L B ﬂ .
RZ . H . .. dlL _
= /-_1’1-{-/?2 {61_e2+2R2lL} = L1L+2R21L |: E—IL]
. R R
Li, = —2Rsi |1- —2—|+——2—(e,—€
= I ZZL( /-'1’1+F1’2) R1+F1’2(1 5)
. -2RR, R
= Li = i+ e —e
L (R1+R2)IL R1+R2( 1 2)
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o= + e —e (v
L R ALt T B AL ) )

=
Since, o= C% =Cé, =i,—1i,
Cé, =—i, + i, (V)

Now, putting values of i, and i, in equation (v), we get,
Co. - — ec— 6+ Roiy e —ec+ R
c R~| + Fi)g H1 + H2

=
- Cé, - (eg+e1—2ecJ
R+R,
o & = 2 e + ! (61 +6) . (Vi)
(Ry+R,)C (R +R,)C
Writing the equation (iv) and (vi) in the required state variable form as,
. —2R;R, 0 R, R
i | _ (Ry + R,)L [iL :| . (Ri+R)L (R +R,)L [e1]
e' 0 -2 e, +1 +1 €,
c (R +R,)C (Ry+R,)C (R +R,)C

Comparing with X = AX + BU we have,

[ —2R\R, 0
R+ R,)L
A (R 5)
0 _—2
i (Ry+R,)C
[ R R
R, +R)L (R + R,)L
and 5 (R 5) (R )
1 1
(R +R,)C (R +Ry)C

(ii) State model flow graph of the above system is given below:
2R R,

1 (Ry+ Rp)L
(R1+ Ry) Ry/IL 1
€, 0 Q O O 1% O iL
,’L s g
—R,IL
2
(R, + R,)C
1/C T2
e o ! o]
2 \%4 1%4 O 1°4 176
[ ]
e e. 1/s ec

1

(Ri+Ry)
(iii) Advantages of state space analysis over the conventional differential equation methods

1. The state variable analysis gives the complete information about the internal states of the system
at any given point of time.
MBDE ERSY © Copyrigha
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A L A

Solution: 5

I Rank Improvement Workbook

It takes initial conditions into consideration.

Itis applicable for multiple-input-multiple-output system.

It is applicable for both LTI and time-varying systems.

The controllability and observability can be determined easily.
It employs the use of vector matrix notation.

Representation of higher order system thus become very simple through this technique.

Let x, (1), x,(1) and x,(f) are the state variables.

Let,

X (0 = 10
X0 = y(t)
x() = )

Differentiating the above equations

From (i), (ii), (iv)

Solution: 6

Output

X(t) = y() = x,(t)

X () = y(t) = x3(0)

x3(t) = y(t)=8u(t)-5y(t)—10y(t) - 10y(t)
i5(t) = 8u(t) = 5xy(t) — 10x,(t) — 10x,()

wh|=1]0 0 1 [ x() |+|0|ud)
x3(f) -10 -10 -5][x3(}) 8
X
y()=[1 0 0] [*
X3
I'=i +i
I= CdvC +i
at
ave 1 i
a ~— C C
di, .
v, = LF;+1LE’
% B ﬁ_ﬁ’.
at ~ L Lt
vo(t) = Ri,

59

..(ii)
(i)

(iv)
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From (i), (ii) and (iii)

av

th 0—%V 1
= C+_

di, 1_5[J ol

at L L

Solution : 7
The given state variable equation

3 12 1 [x] [
Xpo| =0 1 3| |x[+|0]u
X3 1T 1 1 |x 1
(i) Characteristic equation
lsi— Al =0
s-1 -2 -1
= 0O s-1 3|=0
-1 -1 s-1

=(s-1)[(s-=1)2-3]-16+(s=1)]=0

=(s-1)(s?+1-25-3)-(s+5)=0

= (s=1)(s°-2s-2)-(s+5)=0

= $-8s°-5s-3=0
(ii) Controllability matrix

nxn

1 2 1 1 2
AB=10 1 3 0 =3
_1 1 1~3><3 _1 3x3 2 3x3
[2 81 1] 10
A’B =13 6||0] =|9

.. Controlling matrix

1 10
= |0 9
1 7

MRDE ERSY

(iii) For controllability, (M) #0. i.e., the rank of M should be ‘n’. If rank is (n— k), implies ‘k’ number of state

variable are not controllable.
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10
[ M| 9
7

y
0
y

N W N

1(21-18)—2(0-9) - 10(0 - 3)
3+18-30=-9

The system is controllable.

Solution: 8

3s° +55+7
s* +55% +18s° +29s5 + 35

The given transfer function G(s) =

(i) Controller canonical form

2
Let Y(s) _ 3s” +5s+7

(s)  s*+5s°+185° +29s5+35

~

Decomposed transfer function

U 1 X, 362 4 5s+7 Y,
s*+55% +185° + 295+ 35

X(s) 1

US) " +5s%+18s2 + 295+ 35

SAX(S) + 583X(s) + 1852X(8) + 29sX(s) + 35X(s) = U(s)
By taking inverse Laplace transform on both sides,

d*x _d®x 18d°x 29dx
—+5—=+——+——+35x =u
at at at at

Let the state variable are X;, X, X; and X,,.

X =x

X2=% = X=X,
Xy = d;;ci%iX1—X2
X, = i;:%:)@_&

From the above differential equation

X, = u-5X,- 18X, - 29X, - 35X,

@ =382+55+7

X(s)
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= Y(s) = 35°X(s) + 5sX(s) + 7X(s)
By taking inverse Laplace transform on both sides
L aPX@)  _aX(t)
X4 0 1 0O o0 X 0
o o 0 0 1 01X, N 0 U
. The state equation is i =10 0 0 ; X, 0
X4 -35 29 -18 -5]|[X, 1
X1
o X5
The output equation is Y=1[7 53 0] X
3
Xy

(ii) Observable canonical form:
Aoce = Transpose of A

0 0 0 -35
. 10 0 -29
ie. Annr =
" lo 10 -18
10 0 1 -5
Byce = Transpose of Cir
[7
NE
|3

Cocr = Transpose of By =[0 0 0 1]
. The state equation is,

X 0 0 0 -35][x, 1
G| |1 00 -29 X2+5[U]
| |0 1 0 —18]|[X3| |3
X, 001 -5][X,] |0
X1<
X
— o002
y=1[ ]X3
X4_

Solution : 9
Time response is given by
x(1) = 6(5)x(0)
o) = L'[sI - A]"
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(ST A) = s O]_[O 1}:[3 —1}
0 s| |2 0] |2 s
s 1
s -1 _[|£+2 £+2
_ -1 _ =
(/=A™ = 2 s} -2 S
2 £+2
S 1
(])(S):(S[—A)q: S2+2 S‘2+2
-2 S
F+2 £+2
. The state transition matrix ¢ (1) is
S 1 ]
2 2
- [ _ - S+2 s7+2
o) o(s)= L 5 S
F+2 L+2]
_ . )
y cos/2t ﬁslnx/ﬁz‘ o3t
—%sin@t cosv2t | |-v2sinV2t
x(f) = ¢(t)x(0)
|:x1(l‘):| cos+/2t ésin\@‘ H
= 1
2O | _\Bsinv2t  cosvZi
1.
x(h) = cos\/§t+ﬁsm\/§t
x,(f) = —v2sinV2t + cosv/2t
y=x=%
3 .
= —sinV2t
't
EEEE
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1 .
—_sinJ2t
V2

cos/2t
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