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Detailed Solutions

ESE-2025 Electrical Engineering
Mains Test Series TestNo:1

Section A : Electric Circuits
Q.1 (a) Solution:

The above network can be considered as a series connection of two networks, N; and N,,.

For the network N,
I, Ls Ls
o o o o
+ +
’ - l ’
Vi T Cs Vs
° o
Applying KVL to mesh 1,
1 1
/= |Ls+— |[{+| =—|I i
PR PRERTER o
Applying KVL to mesh 2,
1 1
= | — |[{+| Ls+—|I i
i - (Epefieed ) ...(u)

Comparing equations (i) and (ii) with Z-parameters equation,

We get,
1 1
’ ’ L +_ —
[Zn Z12} _ ° Cs Cs
Zy i 1,1
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For the network N,
I I,
o 0
+ +
%4 g Ls vy
o—| I—
1 1
Cs Cs
Applying KVL to mesh 1,
vy = (Ls +§)Il +(Ls)I, (i)
Applying KVL to mesh 2,
1
vy = (Ls)ly +(L5 +a)lz ..(ii)

Comparing equations (i) and (ii) with Z-parameters equations, we get

44 44 L — L
|:Z11 Z12:| _ St s °
Zyn Zyn
| Cs

Hence, the overall Z-parameters of the network are

|:Z11 Z12:| [z Zp +Zi'2:|
Zy Zyp | Zn+Zy Zyp+Zy

Q.1 (b) Solution:
Applying Kirchoff current law at node A,

We have,
Vi Vi V4+10%I
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Va
and I, = R
Substituting this we have
4
v+ 10*V,
Va  Va R
] = S +HL+—F—
joL R 1
joC

I 1 . 10% 1
}( = ———':'——+'] (D(: ]ﬁ+ 4'_ _3
n — V, R 15x10* 5x10%w

For resonance,

103
0, C(1+0667) = 5~
. 10°
@, ¥ 10 X 10°(0.667) = 5, -
3 5
@ = 17 99106
1.667 x5
®, = 3.46 Krad/sec
f, = 551 Hz
The quality fact R_ 15x10° g
© quatity factot, ool | 3.46x10°x5x107°
. fo 551
Jo _ 22 _pe35H
Hence, Bandwidth, Q 367 z

Q.1 (c) (i) Solution:
Let the current flowing through 5 Q resistor is I’ when 5 A current source acting alone,

Replacing the 10 V voltage source by its equivalent source impedance,
50

sa(®

AAAA
Yy
Q1
)
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Using current division rule,

4 j5 o] .
I = x5/0° =(25+72.5) A
5+ 75 ( ] )

Let the current through 5 Q resistor is I” when 10 V voltage source acting alone,

Replacing the 5 A source by its equivalent source impedance,

BQ
[H
I//
L j5€ &
5Q EE C’r) 10V
A -10Q T
I” = 10 _ 1-71)A
“5ep5 4D
Now, current] = I'+1”
[=25+25)+(1-/1)
= (3.5+j1.5) A
Q.1 (c) (ii) Solution:
Since o = 2 rad/sec, the network is drawn as
i1Q
IO Z
1£2 AAA |F__
\AAA 1
. 1Q | 2
2 sin 2t
_ —-j2==
1 a b
OO . .
S AAh I
310 1 )
—-j2=
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]1 1Q » (1
. ’b
1Q T —]1
_ (1+]1)(1—]1)=1+1=1Q
L 2 2
Hence for maximum power through Z, , it should be Z, =1 Q.

Q.1 (d) Solution:

ey D
Under steady state condition 7,(07) = 1- 5A and V(07) =5 Volt.
The transform network becomes

s 5V
a -\
O/

o + b

3
s

or
1
T

Transforming the voltage sources into current sources we have the network

AAAA
\AJ
—_
®)

Va fGUSU\ Vb
5 ACD =s SK/C’) Eg 1Q
s -<

Writing nodal equations at node a and b respectively we have,

1 1 5
s+—| —= S5——
( s) E [V] |
Vi
_1 1+1 b -
S S
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Using Cramer’s rule we have
S5 1
s s
> 1+1 (5—5)(1+1)+52
V = 5 5 = 5 S s
] el
S+— —— st+— 11+ |-
s S S s) s
_1 1_}_1
s s
5 5 1 5.2 43
i 5| s+— X=X
_ 552 55+2 2 (S 2) RN
- 3 2 = 5 2 5 2
P +s2+s
ﬁ s+1 + ﬁ s+1 + ﬁ
2 2 2 2 2
V.(t) = 5¢7t/2 co ? —%sm?te_t/z
= 5¢7/2| co ﬁ i \/5 t [volts
2 5
s+1 5—E
s s
15 11
L S S _5(S+1) S+§_E 1
Similarly, Vi(8) = (@02 1s)  Pastl | Prsrl Prstl
$2
1 1.2 3
s+ X=X
=5 2 - 32 .
2 2
s+1 + ﬁ s+1 + ﬁ
| 2 2 2 2 )]
_ 3, 5 _ 3
V,(f) = 5e7t/? £t+— /2 5in X2t
L e/ cos \/ge sin 5

= 5e7t/2 [COS?

t+isin§t

J3

] volts
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Q.1 (e) Solution:

v(t) = 2cost

Angular frequency, ® = 1 rad/sec.
X, =oL=1x1=1Q
1 1

- =~ -1Q
Xe = oC T 1x1
L= 2£0°
o = 1 rad/sec,
X, =1Q
1
Xe=175=1Q
R
Now the circuit in frequency domain
10
o
MW ‘./” MW 14
1 J_ 1
7, =220 T—ﬂg 10
By KCL at node - a
Va—2+ Vfl +Va—Vb -
-7l 1
= R+)V -V, =2 (i)
By KCL at node - b
Vb.—2 N V, =V, +E )
il 1 1
= -V.+2-))V, = 2 ..(ii)

From equation (i) and (ii),
247 1 |Vo| |2
-1 2-j|lwv]  |-j2

©Copyright: MADE EASY www.madeeasy.in
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‘ 2 A
A 22— a2z-450 .
Vo= ATher At a1 - V224 - 45°Volts
1 2-j
2+ 2‘
Similarly, A B _A2LA5 B gsevolss
2+j -1 4
-1 2—1"
L V=V, 2/0°0-2/-45°
Now, I, = =*= ‘/1_ = J2£45°A

i, = %:\/54—45°A

Therefore, i () = /2 cos(t+45°)A

i,(f) = \2cos(t—45°)A

Q.2 (a) (i) Solution:
To obtain V., we remove branch between ab and obtain V_and v, and the difference of
the two voltages will give V..

v o= —2 20-5-j5
= 20+ 20

10
Vo= 22 i10=5+0
T J

Vg =V,-V,=-5=52-90°
To obtain Z,, we short circuit the voltage source and see the impedance between a and

b.

ZTH - Zub = Zac ” Zad + Zcb ” Zbd
20xj20  (-j10)(~j10)
- + - B _ . = .
Vg 5£-90°

Therefore, I = Zon +5 = 10+ 545
_ 2279 316.,-108°A
15+75
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Q.2 (a) (ii) Solution:

1
fo= 2nJLC
1
175 x 103 = =
2my320x 107 2L
L = 258 mH

The reactance of the coil at resonance is
21 x 175 x 103 x 2.58 x 103 = 2840 Q

. _ ol
ince Q= R
R = oL 2840 - o
Q 50
The impedance of the circuit at resonance is
Z = R=568Q
0.85
Therefore, Current [, 56.8 m

The voltage across the capacitor = QV
=50x0.85=425V
The bandwidth of the circuit is

3
Jfo _ 175107 _ 3.5 kHz
50

Q.2 (b) Solution:

To calculate the Thevenin’s voltage across A-B, the given circuit is redrawn after opening
the resistance across the terminals A-B as shown in figure below,

1 1A

)
O/

2Q vy Vv

WW n X MWW 2o A
1

sV 220
Il
o B

Let the voltage at node X be V, and that at terminal A be V.

©Copyright: MADE EASY www.madeeasy.in
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Using nodal analysis at node X, we obtain

8-V _ Vi-V, +ﬁ+1
2 1 2
2V, -V, =3 (1)
Again using nodal analysis at terminal A, we obtain
8+211—V2+1+V1—V2 -0
2 1
L= Vl ..
3V, -3V, = -10 | 11 =5 ...(ii)
Solving the above equation (i) and (ii), we get
19 29
vV, = ?V and V,= ?V
. The open circuit voltage,
V. =W :23—9V =9.67V
Thevenin’s voltage, Vi, = 967V
Let us now short circuit the terminals A-B, the circuit then becomes as shown in figure
below,
: 2Q
21, 1A
A
Ny
A%‘VAVAV Vi X AVAVAVAV A
1
Il
B

Let the voltage at node X be V7. Using nodal analysis at node X, we obtain

8 Vi Wi 4
2 2 1
3
Vi = EV
o 8+2I, . Vi-0 R 7
Short circuit current, [, = > +1+ - 725 A S = 5
V V. 9.67
Thevenin’s resistance, R, = —oe = Th — 27 —133Q
I, I, 725

©Copyright: NADE EASY www.madeeasy.in
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The Thevenin equivalent of the given network is as shown below,
1.33 Q

9.67V 7

9.67 9.67

_ = =1.527 A
Current, I = 7337 R; 1.33+5

To get the maximum power transfer through R, as per maximum power transfer theorem,
R, = R;;,=133Q

VE  (9.67)

= = =17.57 W
max "~ 4Rp  4x1.33
Q.2 (c) Solution:
(i) Consider series RLC resonant circuit,
R | L | C
—WW———— T 1l
Vg —— V), —— V¢
; !
)
O/
\%
The voltage across inductor is V; and is given by,
V, = I-(oL)
but I = 4
" Tz
v, = V(wL)

172 ..(i)
[R2+(o)t—1 ) }
oC

For maximum voltage across inductor, differentiating equation (i), w.r.t. ® and
equating it to zero

ocopyright: [MADE EASY
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2 2
1 2 1 2L
wL)? —-| — | —(oL)? -] — | +== =R2
(L) (OJC) (L) (OJC) C
2 - é—RZ
(0C) C
1 L R?
(@C)> C 2
1 2~2
= — = LC- R°C
® 2
Puto=0wo, ..
b
L max 2.2 2 2
\/LC_R C \/1_1{ C \/1_1{ C
2 2L 2L
Hence the frequency at which inductor voltage will be
- D
Op max = RZC
1-—2 =
2L
(ii) Using the result of part-(i),
® = !
L max 1/2
2 -6
V20x107 x0.05| 1 - 20 X 20x10
2x0.05

O o 1414.21 rad/sec

Voltage across inductor at ® = ®, _ is given as

Or max LV

> 1/2
1
R2+| o L -
[ [ L max (‘)Lmaxc)jl

©Copyright: NADE EASY www.madeeasy.in
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on putting the values,

| ‘ _ 1414.21x0.05x 100
L max - 2
\/502 +| 1414.21x0.05 - ! -
1414.21x20x 10~
V| = 11547 volts
Q.3 (a) (i) Solution:
With 90 V source:
30Q 10Q 20Q
AvAvAvAv T AvAvAv,A' — AvAvAvAv
vx
90v () 60 Q3 2300
I I
R, Ry R =30J20=120
R, = 60 || (10 +R,)
= 60 || (10 +12)
= 16.098 Q
By voltage division,
Vi = B2 w90= 298 90 = 31.429 Volis
2 30+R, 30+ 16.098
10 10
"=V, X =31.429 x =14.286 Volt
T TRTI04R, 10x12 o
With 6 A source:
30Q 10Q 20Q
AVAVAVAV AVAVAVAV ‘VAVAV‘V
'Ux,, -—
6003 ®e6a 2300
N~ R

R=30]|60 =20 Q

R,=3020=12 Q

ocopyright: [MADE EASY
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10 Q
MW _
2003 Mea 2o
By source transformation
0 1
AAAA AAAA
+ YWV VVVy
’UI,,
2003 ®7n2a
By Voltage divisi Y = (72X _ 17143 Vot
y Voltage division, v” = 0+20+12 ~ 7 olts
With 40 V source :
30 Q 10 Q 20 Q
60Q3 s0Q  (H4ov
A —_
R=30[60 =20 Q
0Q v, 20Q
AAAA AAAA
+ \A AL B \AAAJ
UI//I
20 Q3 2300 (D4ov
D ——
R = (20+10)|]30 = 15 Q
15
vV, = 40x =17.143 Volts
15+ 20
S, V= (V)X = 17143 % - 5714 Volts
x 10+ 20 10+ 20
By Superposition Theorem,
v = U+ UL+

14.286 + (-17.143) + (-5.714) = -8.571 Volts

©Copyright: NADE EASY www.madeeasy.in
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Q.3 (a) (ii) Solution:

At t = 07, switch is open and the circuit in steady state hence, inductor acts as short-

circuit.
210 210Q
210Q 3
150 s 100
i1(07)
i(0)
) 1.5x10
i0) = J5o70 = 075A

Since inductor current does not change instantly.
i;,(0) = 7,(07=075A

For t > 0, the circuit is transformed into s-domain and is shown below,

V(s)
10 Q
Z10Q =100
1.5 < T
~O i
I(s) 0.75 A
. Applying KCL analysis at node V(s),
V(s) N V(s) N V(s)+0.75 15
10 10  s+10 s
V(s)[i+l+ ! ] _ o 0%
10 10 s+10 s s+10
(S)[10+s+5] _ 1.5(10+5)-0.75s
5(s+10) | s(s+10)
Vie) = 5(0.75s+15) _
() = s(s+15) ()
Applying partial fraction expansion on equation (i) we get,
V(s) = é+ b
() = s s+15
A = 5(0.75s +15) 5
s+15

s=0

©Copyright: MADE EASY www.madeeasy.in
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g = 5(0.75s+15) _ 195
§ s=-15
Vi) = g_ 1.25
(5) = s s+15
V(s)
Now, I(s) = 10
Ie) = %_0.125
) = s s+15

Now applying inverse Laplace transform, we get,
i) = (0.5-0.125¢" Afort>0

Q.3 (b) Solution:

Given two port network,

Il 1H 1 Iz
t+o DO AW o +
Vl V2
L+ — 05F
-0 o~

By taking Laplace transform,

Ls) ° 1Q - ys)
ro b Mo +

Vi(s) V,(s)
(1(s) + LE) >

-0 0

By using source transformation theorem, we can redraw the given two port network as

o L(s) ’6%6‘ Ii‘vgv Ix(s) ot
L,
Vi(s) ° V(s)
(L) + L) 2
[/ o~

©Copyright: NADE EASY www.madeeasy.in
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We know that,
transmission parameters can be written as,
vV, = AV, -BI,
I, = CV,-DI,
For A:
Vl
8 V2 I,=0

V. (S) LOOp 1 5 VZ(S)
L(s) < 5
. o-
By writing KVL in loop 1,
V() =1(s)s=V,(s) = 0

2 2
where, Vy(s) = —-Ii(s)+—-I1(s)

s s

4

V,(s) = ;Il (s)
s

Substituting equation (ii) in equation (i),

Vi(s)=7 Va(s) s=Va(s) = 0

I
N
—_

+
| Do
N————

o~

—~~

w»n

N

Vi(s)
2
A = Vi (s) —1+5
V2 (S) I,=0
For C:
. . Il S
From equation (ii), C = A =2
211, =0

ocopyright: [MADE EASY
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_V1
For B: B = I_
2 ln=0
po O ol A DO
1,
SO
V1) /ID ,
(1,(s) x L)) 5
T o

By writing KVL in loop L;:

Vl(s)—Il(s)-s—%(ll(s)+Iz(s))—(11(5)+12(s))§ =0

4 4

Vl(s)_Il(S)'S_gIl(S)_EIZ(S) =0

V1(S)—(S+é)l1(5)—élz(5) =0 ...(iid)

S S

by writing KVL in loop L,:

0-1() 1= (1) + 1) 2~ () + 1) > =0

16 2)-ne|1+]

Il
(@)

L(s) = —Iz(s)[T] ..(iv)

Substituting equation (iv) in equation (iii),

2
v1<s>+[5 *4](%)12@)—%12@) =0

S

3 2
s°+4s“+4s+16 4
]Iz(s) =0

V1(S)+( s T

> +4s% +45+16-16

4s
3 2 2
Vl(s) _ _[s +4s +4S)12(S)=—(S +4s+4]12(5)

©Copyright: NADE EASY www.madeeasy.in
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For D:

From equation (iv) D

Q.3 (c) (i) Solution:

Phasor domain circuit will be

-Vi _[52+4s+4]
Ly, o 4

—_11 _(S+4)
Lly,_, \ 4

s 2 +4s+4
1+—
s (s+ 4)
4 4
10
= —/0°V =7.07£0°V
J2
2 Z90°A =7.07£90° A
N2 .
1 1

= -10Q
oC  10°x0.1x107°

10 x5 x10°=5Q

V, = 7.07.£0°V (:)

By source transformation

70720V (%)

‘v‘v‘v Va _jI)I(C
1
= 10
-1 X.=-j10 L
5 g X, 1002 (DL=707204
Av‘v‘v 0, .
I @ i
-510Q
10 7 100
i50Q %
70.70.£90° V

ocopyright: [MADE EASY
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By KCL at node - a,

Vy =7.07£0° V,=7.0720° V,  V,-707290°
5 (=710 (j5  (10-710)

1.1 1. 1 7.07 7.07.£0°  70.7.£90°
+ £0°

Vi|l=+——+—= : = + - + -
5 —-j10 ;5 10-710 5 (=j10) (10— j10)
= V= 18.602£127.87° Volts

V,(t) = \2x18.602sin(10°¢ +127.87°)V

= 26307 sin(106t + 127.87°)V

Q.3 (¢) (ii) Solution:

R

V= 25A

Momentary short circuit

1 =25A
Rg

.(0)

Figure shows a practical voltage source of V volts possess an internal series resistance of

R, Q provides a current of 2.5 A when (momentarily) short circuited,

I RS
AAA
vvvy

Power consumed = 80 W

2 2
PR, = |—Y xRL:V—szL
Rg +R; (Rs +Rp)
VZx20 %0
(Rg +20)?

ocopyright: [MADE EASY
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80 D)
2 = —(Rc+20
1% 20( S )
= R2(2.5)?
4(Rs +20)2 = 625 R
4(R& + 202 + 40R) = 6.25 R

2.25R* - 160R, - 1600 = 0
By solving the quadratic equation, we get
Ry = 80Q
1. The open circuit - voltage,
V =25x80=200V
2. The maximum power delivered to this R,

2 2
[V xR, = Lo=15W
Rg+R; 4Ry,

3. The value of R; to which it can deliver a maximum power is equal to that of R

R, = Rg=80Q
Q4 (a) (i) Solution:

* Considering the given network as shown below:

4 30 N
MWW
Iy L ﬁ
(I +15) ABA?A 1 h Lo 6 "
vy + Two-port +
4 network V,

141V CD I "N v 60 V
2, @ @ s "

I

Y _L Y

* From the given z-parameters of the two-port network “N”, we can write,

V, = 2l +1,
V, = I, +4lI,
* By applying KVL in loop (1), we get,
3 +1)+V, = 141V
3 + 3+ 21, + 1, = 141
5I, +1,+3I, = 141

...(ii)

...(iii)

ocopyright: [MADE EASY
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* By applying KVL in loop (2), we get,

V, -V, = Q)
L + L) - (I, +41,) = 3lI,
I,-3I,-3I, = 0
* By applying KCL at node (2), we get,
I, = I, +%
61, = 6, + (I, +4I,)

I, +10L,- 6, = 0

* By solving the equations (iii), (iv) and (v), we get,

I, = 24A
I, = 15A
I, = 65A
Q4 (a) (ii) Solution:
V(0" =10V
W0 = 2
2

As the switch is closed at t = 0 sec, i; by passes R,
Hence, the decaying i, is through R, only

~1x10° xR,

T = L _20m fort>0
Ry Ry

Vi(lms) =5V
V(I ms) = i (1 ms) xR,
= RinL(0+)€
Ry
= szge 20

R,

By equating equation (iii) and (iv), we get

Ry
10e 20 =5
—Ry
20 _ 2

10

20%x107°

(iv)

ocopyright: [MADE EASY
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R In(0.5) = -0.693
20
R, = 13.86 Q
Att=0,
Voltage across R; = V=10V ~.(vi)
*.» Inductor acts as a short circuit,
Current through R, = 2- X—Iz =2- % =128 A ..(vii)
By substituting equation (vii) in equation (vi)
1.28R, = 10
R, =782Q

1
Q.4 (b) Solution:

To determine Ry, deactivate all the independent voltage source by short circuit and
independent current source by open circuit & connect a test voltage source V, delivering
current I at terminals a - b.

30 v, V1 20 Q
VWY AAA @ AL
L+ L Idc
6Q=0, 050, 210Q
T - <> b Vdc
By KCL at node (x)
O O  Ox=01 _ 0
3 6 2
[helid]
3 6 2 2
v, = 0.59, (1)
KCL at node-1
'Ul 0 '01 _
5 = 10 = et 050,
0.60, =1, +V, ...(i)
From equation (ii),
0.1o, = I, ..(1ii)
Vdc -0
Now, 20 - Idc
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Ve =101,
20 - Idc
Vdc = 3OIdc
%
Ry = 72 =30Q
Idc
Calculation of V., :
3Q v 2 Vy
AW x AW @ o+
> + <
50V () 6Q3 0, PHose,  T0Q W,

By KCL at node (1)
vx—50+v_x 0=V _ 0
3 6 2
ALV T
3 6 2 2 3
= v, = 05V, +16.667 ...(1)
By KCL at node (2)
Yo =% Vi g5, - g
2 10
1 1
VM[E"‘E] =0, ... (i)
From (i) and (ii)
0.5 Vi, +16.667 = 0.6 Vo,
= Vo, = 166.67 volts
) Vi, _ 166.67
Thus, Norton’s current, I, = Ry, 30 - 555 A
Thevenin’s equivalent circuit is
AvAvAvAv o a
R, =30Q
Vi (2) 166.67 V
ob

ocopvion: MADE ERSY
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Norton’s equivalent circuit is

o a
1,=555 A RyZ 300
ob
Q4 (c) (i) Solution:
At frequency, o rad/s, the reactances are:
-1 Xc
° il
z. R,Z g ix. 3R
[
B B B 1
Where, R, =1Q, R,=01Q, X, = o,L; X-= R
0
1 1 1

Y = —t+t-——+ :
n Ry jXp Ry —jXc

1 " 1 +R22+]X2C
Ry jXp Ry - X¢

For the circuit to resonate,

Img[Y, ] =0
1 JXc
Ime[Y. ] = —+ =0
Mgl = TR X2
1 Xc
X, RI+X3Z
= R%"‘X(z: = X Xc

R% = X Xo- X7

2 C (o)

= 0w, = ——
0
JLC —R3C?
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1

- 0 J20x107 x9x 10 - (0.1x9x1076)?
= ®, = 2357.02 rad/sec
Therefore resonance frequency is,

®, = 2357.02 rad/sec
= Ato=0),

I S

"R Ry +(Xc)’
1 0.1
= 7t =10.56 Mho

1 (0.1)% +(2357.02x107°)?
Therefore input impedance at ® = w), is

1 1
Z. = Y—_ﬁ =0.09461 Q

Q4 (c) (ii) Solution:

For the given graph, Kirchhoff’s current law for the branch currents (i, , i,, ..... i,) gives the
equations

Lti,+i, =0; -i;+i;-i;=0
~ly=iyti1, =0; -i,+i;-i, =0
In matrix form, these equation can be represented as

r.

1 1.0 0 0 11|i
-1 0 1 0 -1 0]||i
0 -1 -1 1 0 0]|i
0 0 0 -1 1 -1||is

_4

1 1 0 0 0 1
-1 0 1 0 -1 O

0O -1 -1 1 0 O

o 0 0 -1 1 -1
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So, the reduced incidence matrix is

1 1 00 0 1
A=|-1 0 1 0 -1 0
0 -1 -11 0 0

Thus the number of possible trees of the graph

1 -1 01
1 0 -1
11000101_1
=det<—1010—10001>
0—1—11000_10
1 0 0]
3 -1 -1
- |-1 3 -1| =14
-1 -1 3

Section B : Engineering Mathematics

Q.5 (a) Solution:

d +x+2
We have, & yrrre
dx y—-x+1
Putx=X+hy=Y+k
The given equation reduces to
ay  (Y+k)+(X+mh)+2  X+Y+(h+k+2)
dX — (Y+k)-(X+h)+1  Y-X+(k-h+1)
Now, choose hand ksothath+k+2=0,k-h+1=0.

Solving these equations, we get

1 3
= ——, k===
h 2 2
d_Y B X+Y
aX  Y-X
dY dv (i)

Put Y=VXsothat — =V +X—
dX dX
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The equation (ii) is transformed as

av X+VX 1+V
V+X— = =
dX VX-X V-1

x4V 14V o SVIAVAI4V V42V 4]

X — v-1 V-1 V-1
1 22‘/—2 av - [
2\ v2-2v-1 X
%log(V2 -2V -1) = -log X +1logC
1
(V2-2V-1)2 = -log X + log C
1
(VZ-2V-1)2 =
XAV2-2V-1) = C,

y+E 2—2 x+l y+E - x+1 i =C
2 2 2 2 1
Q.5 (b) Solution:

22742

Consider Jm

dz = j f(z)dz where C is the contour consisting of the upper half
C C

of a large circle |z| = R and the real axis from -R to R.

By Residue Theorem,

[ f(2)dz

C

R
[ f)dx+ | f(z)dz
-R CR

2mi (sum of residues) ..(i)

Poles of f(z) are given by z* + 1022+ 9 =0

131'
i
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0

+iand z = £31

(2 + )2+ 9)

z

Thus, z +i and z = +3i
are the simple poles of which only z =i and z = 3i lie inside C.

Sum of residue at these poles.
= lim(z—1)f(z)+ lim (z—3i) f(z)
z—1 z—31
_' 2_ f— 1 2_
_ lim (z—i)(z z;2) + lm (z '31)(22 z+2)'
=i (z—1)(z+1)(z°+9) 2923i(z-31)(z° +1)(z+3i)

iZ—i+2  9i2-3i+2
2 <t ) .
(i“+9)(2i) (9i“+1)6i
1-i 7+3i 10 _ 5

" - -
161 48i 481 24i

5 5m
dx = 2mix—==—
_{o b = 2T 0
Q.5 (c) Solution:
@) divF = V.F= 2i+}i+12i (621 + 2 +yzk)
ox “ody oz
= 2x+y

By Divergence Gauss Theorem

JP-ﬁds

[[JdivF = [[[(2x+y)dxdydz
= [faxdy[@x+y)dz = [[axdy[25z+ yz]
0

= ” dx dy[2cx +cy]

2

b
= jdx [2cxy +cy7:|
0

T R .
= I 2cbx+—x | = T(2a+b)
0 2 0
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Q.5 () (ii) Solution:

1. Given:

fix) = 23 -9x2+12x -5

It is differentiable for all x in [0, 3]. Since, it is a polynomial differentiating (i) w.r.t. x,

we get
f)
Now, £ (x)
6(x? - 3x + 2)
(x-1)(x-2)
X

2%x3x2-9x2x +12=6(x? - 3x + 2)

0
0
0
1,2

Q)

Also, 1, 2 both are in [0, 3]. Therefore, 1 and 2 both are stationary points.

Further,

Also,

and

2x13-9x124+412x1-5=0
2x25_9x22+12x2-5

16 - 36
-5

+24-5=-1

23°-932+123-5

54 - 81

+36-5=4

Therefore, the absolute maxima value is 4 and the absolute minima value is -5. The

point of maxima is 3 and the point of minima is 0.

2. Given: fix) = 12243 - 6x1/3, x € [-1, 1]
Differentiating (i) w.r.t. x, we get
, 4 13 1 53
= 12.2 _6.=
Fe) = 125216 2x
2 2(8x-1)
= 16x'/3- =
YRV
Now, fx) =0
268x-1) _
273
_ 1
YT %

As %e [-1, 1], % is a critical point.

Also, we note that fis not differentiable at x = 0.
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() - =) -(5)"

4
= 12(1) _6.1:12.l_3:__9
2 2 16 4

f(0) = 120-6.0=0
fE1) = 12(-1)3 - 6(-1)!/3
= 12.1-6(-1)
= 18
f1) = 12143 - 6.11/3
= 12-6
6

Therefore, the absolute maxima value is 18 and the absolute minima value is —%.

The point of maxima is -1 and the point of minima is %

Q.5 (d) Solution:
It is clear that the given function
1-x) , x<1
flx) = 1-x)(2-x), 1<x<2
B-x) , x>2
Continuous and differentiable at all points except possibly at x =1 and 2.

Continuity atx =1

LHL = lim f(x)= lim (1-x)
x—1" x—1"
= lim[1-(1-h)]=limh=0
lim[1 - (1-h)]=lim
and RHL = lim f(x)= lim (1-x)(2—-x)
x—1* x—1*
= lim[1-(1+h)][2—-(1+h)]
h—0
= lim-h-(1-h)=0
h—0
LHL = RHL=£(1)=0

Therefore, fis continuous at x =1,
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. 1-h)-f(1
Ly = tim SIS
= limwzlim(ij =1
h—0 -h h—0\ —h
and Rf(1) = lim / (1+h2_f @)
_ lim[1—(1+h)][2—(1+h)]—0
h—0 h

= IimM: lim(h-1)=-1
h—0 h h—0

Since, L[f'(1)] = Rf’(1), therefore fis differentiable.
atx=1

Continuity at x = 2,

LHL = Iim f(x)= lim (1-x)(2—-x)

x—2" x—2"

= lim[-1-(2-h)][2-(2-h)]
h—0

_ lim(-1+h)h=0
h—0

and RHL = lim f(x)= lim (3—x)

x—2" x—2%

= lim[3-(2+h

= lim[3-(2+h)]

= lim(1-h)=1
lim(1-h)

Since, LHL # RHL, therefore fis not continuous at x = 2 as such f cannot be differentiable

atx = 2.
Hence, fis continuous and differentiable at all points except at x = 2.

Q.5 (e) Solution:
Since the total probability is unity.

6
[y =1
0
2 4 6
[locda + [2k dx + [(~hx+6k) dx = 1
0 2 4
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22 T2 0
k= +2kx]3 +(—L+6kx) =1
0 2 4
2k + 4k + (-10k + 12k) = 1
1
ie., k= —
Mean of X = | xf(x)dx

Q.6 (a) (i) Solution:
According to this theorem,

If a function f(x) is such that

4 6
Jor? dx + [ 2 dx + [ x(~x +6k) dx
2 4

3|2 2| 30 216
2okl (=R ek

0 22 4 24
8 152 24
— [+ k(12)—k| == |+3k(20) = — =3
3 Jrea- T Jraken -

(@) Itis continuous in closed interval [a, b]

(b) It is derivable in open interval (a, b)

then there exist at least one value ‘C’ of x lying in (g, b) such that,

f() - f(a)
b—a

Y

=f(©

X

Geometrical significance: If the graph of a function is a continuous curve from M to N

and has a unique tangent at every point between M and N, then there exists at least one
point ‘P’ in the curve such that the tangent at P is parallel to the chord MN joining its

extremities.
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Q.6 (a) (ii) Solution:

Given equation in symbolic form is,
(D?-2D +2)y = x + ¢* cosx

To find complementary function:

Its auxiliary equation is

D?>-2D+2 =0

2+
D =

(4-8)

=1
2

ti

Thus complementary function = e*(c, cosx + ¢,sinx)

To find particular integral,

1

1

Hence the complete solution is,

Q.6 (a) (iii) Solution:

Given matrix,

Conjugate of A, i.e.,

Pl = x)+ e* cosx
572042 D7 ap 12 )
1| D? - cosx
= —|1-[D-— || (x)+e" 5
2| 2 (D+1)2-2(D+1)+2
2
_1 1+D—D— x+ex%cosx
2 2 D~ +1
= l(x+1—0)+ex-xicosx
2 2D
X X
= (x;1)+xe jcosxdx= (x+1)+xe sin x
X
y = ex(clcosx+czsinx)+%(x+1)+ sinx
l(1+i) l(—1+i)
A2 2
1 L 1 .
LE(1+Z) 5(1—1)
Lazy Loy
5|2 2
1 N 1 .
5(1—1) E(l‘f‘l)
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Transpose of A i.e.,

Now,

Similarly,

Hence, A is a unitary matrix.

Also,

Q.6 (b) (i) Solution:

Here, we have

A2-4A-51= (8 9

1 1 .
~ 5(1—1) 5(1—1)
(A)T = A%= 1 L 11 ' (1)
—(-1-1) =(1+
2( i) 2( i)
%(1—1') %(1—1) %(1”) %(—1”)
A%-A =1 1 1 1
—(-1-1) =(A+)||=1+)) =(1-i
(10 () || S+ (1)
[ 1 1 1 o 1 "2
—(1+1)+—=(1+1 —(1-)"+=(1-
| gD i)
1 o 1 o 1 1
—[1+)"+—=(1+ —(1+1)+—=(1+1
- A+ (1) S+ (1+])
1 0_1
__0 1|
AA® =T
Yaziy LTa-i
—1(1+i) 1(1+i)
2
o .
A=121 2
L2 1_
(1 2 21 2 2 9 8 8
A2 = 1 2{2 1 2|=|8 9 8
2 2 1|2 2 1 8 8 9
[0 8 8 1 2 2 100 0 00
8—-4|2 1 2|-5/0 1 0ol=(0 0 O
(8 8 9 2 21 00 1 0 00
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51 = A?-4A
Multiplying by A~ we get
5Al = A-4I
1 2 2 1 00 -3 2 2
=12 1 2|-40 1 0(=12 3 2
2 21 0 01 2 2 3
1 -3 2 2
Al = 5 2 3 2
2 2 3

Q.6 (b) (ii) Solution:
Consider the matrix equation,
MX+ X, + X+ A, X, =0
M1, 2,4) +A,(2,-1,3) +A5(0,1,2) + A,(-3,7,2) =0
A+ 20, +01, =34, =0
20 -A+ A+ 70, =0

4\, +3h, + 20, + 24, = 0
This is the homogeneous system,
]
1 2 0 3 0
Ao
-1 1 7 | = 0
4 3 2 2| °| |o
A4 ]
R, - R,-2R, and R; = R, - 4R,
]
1 2 0 -3)." [0
A
0 51 13 =10
%
0 0 1 1 0
[ A4 ]
R,— R, -R,
A +20, =30, =
-5k, + A, + 13, =
A+, =0
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Let, A, =t Ay +t=0, Ay =,

-5\, -t+13t = 0
12
A, = ?t
24t
AM+—-3t =
1+ 0
9t
M
Hence, the given vectors are linearly dependent, substituting the values of A in (i),
We get,
5 5
9X, - 12X, +5X,-5X, = 0

Q.6 (c) (i) Solution:
To find complementary function:

Its auxiliary equation is,

D2-4D+4 =0
ie., (D-2)?2 =0
D=22

Complementary function = (C, + C,x) e*

To find particular integral,

Pl = (8x%e?* sin 2x)

(D-2)*

= 8¢ 1 (x? sin 2x)

(D+2-2)?
= gl L (124
8e (x“ sin 2x)

DZ

= Sezx% x? sin 2x dx
_ Sezx%{xz(—cozﬂx)_sz(—cozsbc)dx}
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2 . .
862x%{—%c052x+XSI52x—J1~ sin2x dx}

2

2
Sezxj X cos2x+Xsin2x+ cos 2x dx
2 4

X

2 . : .
82X H—x— sin2x _ I(—X) sin 2x dx}+{Jg sin 2x dx}+ s11182x]

862x

862x

862x

L

2 2 2

X2 1
- += sin2x+jxsin2x dx
4 8

2
l_x_ sin2x+x _cos2x —_[1- _cost dx
8 4 2 2

1 x? X COS2X N sian]

——— |sin2x —
8 4 2 4

e?*[(3—2x?) sin 2x — 4x cos 2x]

The complete solution is,
y = e¥[C, + Cyx + (3 - 2x?) sin2x - 4x(cos2x)]

Q.6 (c) (ii) Solution:

Sno.| x |y | xy x?
1 1(1 1
2 312 9
3 4 |4 116 | 16
4 6 |4 |24 | 36
5 8|5 |40 | 64
6 917 |63 |81
7 |11| 8 | 88 | 121
8 |14 9 |126 | 196

Total | 56 | 40 | 364 | 524

Let y = a + bx be the line of regression of y on x,
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where a and b are given by the following equations,

2y = na+ bXx
or 40 = 8a + 56b ()
Txy = aXx + bXx?
or 364 = 56a + 524b ...(id)
On solving (i) and (ii), we get
G
11
and b= Z
11
The equation of the required line is
6 7
TR T
or 7x-11ly+6 =0
If x =10, y = i+1><10=E=6.91
11 11 11
Q.7 (a) Solution:
Case-I: When m =0
In this case, y=x-x2 ...>1)
and y=20 ...(i1)

are two given curves, y > 0 is total region above X-axis. Therefore, area between y =x -
x?and y = 0 is area between y = x - x?> and above the X-axis.

Hence, no solution exists.
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Case-II: When m <0
In this case, area between y = x - x*> and y = mx is OABCO and points of intersection are (0,
0) and {1 - m, m(1 - m)}.

Area of curve OABCO = J()l_m [x —x? - mx] dx

Y
A
b X
0,0 /10 {1-m, m(1 - m)}
C =~
y\x*ﬁ Yy =mx
2 3 1-m
- |la-mZ=—-X
2 3 0
= S=mP =S -m) = (1)
9
1-mP = 2
(-’ =
= (1-m) = 27
= 1-m=
= = -2

Case III Whenm >0
In this case, y = mx and y = x - x? intersect in (0, 0) and {(1 - m), m(1 - m)} as shown in

figure.

' 4000
Al

y=x-x2
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Area of shaded region = If_m(x —x? - mx)dx

2 37
= la-mi--Z2
2 3
= ——(1-m)(A-mP? +=(1-m)
= ——(1-m)’
9 1
= 5= —g(l—m)3 [given]
= (1-m)> = =27
= 1-m)=-3
= m=3+1=4
Q.7 (b) (i) Solution:
u = log(x® + 12 + 2% - 3xyz) (i)
Differentiating (i) partially w.r.t. ‘x” we get
ou 3x% - 3yz .
X~ S 3 3 3 ...(i)
ox X’ +y’+z° -3xyz
J 3y* -3
Similarly, = YT (i)
W x7+y’ +2° —3xyz
J 3z°-3
_y = 3 i zxy (IV)
0z x”+y° +2z° -3xyz

On adding (ii), (iii) and (iv), we get

ou ou du  3(x*+y*+z?

du_ du_ du — XY — Yz — zX)
ox dy 0z

X+ y3 +2° - 3xyz

3(x2+y2+22—xy—yz—zx)

2—xy—yz—zx)

(x+y+z)(x2+y2+z

s
(x+y+2)
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0 0 oY (ou, ou ou) 3
—t—+—|u = |+ —+
ox dy 0z ox dy 0z |x+y+z

SBx+y+z)?-3x+y+2)2-3(x+y+z)?

B -9
(x+y+ 2)2
Q.7 (b) (ii) Solution:
x>-2x-5=0
Let, f(x) = x*-2x-5 (i)

fl2) =8-4-5=-1
f(2.5) = (2.5)°-2%x25-5=5.625
Since f(2) and £(2.5) are of opposite sign, the root of (1) lies between 2 and 2.5.
f(x) = 3x2-2
(2 =12-2=10
Let 2 be an approximate root of (1). By Newton-Raphson method

_f@_,_ fQ)
a. = ’ - ’
! f(a) f(2)
= 2- -1 =21
10
f21) = (21)°-2(21)-5=9.261-42-5
= 0.061
£(21) = 321)2-2=11.23
a, = 2.1- f,(2.1) =21 —M = 2.09457
F2.1) 11.23
A2.09457) = (2.09457)3 - 2(2.09457) - 5
= -0.00016
F(2.09457) = 3(2.09457)2 - 2
= 11.16167
0, = 209457 - L0 _ 5 49456
£(2.09457)
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Q.7 (c) Solution:

r ¥ xf+y}'+zl€
|7_}|3 (x2+y2+22)3/2
Curl F = VxF
20 +0 20 Xi +yj + zk
= |li—+j—+k— [X
i j k
_ 9 9 9
ox dy 0z
x y z
(x2+y2+22)3/2 (x2+y2+22)3/2 (x2+y2+22)3/2

Al =3 2yZ

3 2yz

1

2 (x2+y2+zz)

|

+_
5/2 2(x2+]/2+22)5/2

43 2xz (3 2xz
| 2 (x2+y2+zz)5/2 2 (x2+y2+22)5/2_
_Igr—_S 2xy (3 2xy |
| 2 (x2+y2+22)5/2 2 (x2+y2+22)5/2d
=0
Hence, [ is irrotational.
F = W), where ¢ is called scalar potential
9 ., .90 . 9o
= —dx+—dy+—d
40 ox * ay y dz ‘
- f@+ja—¢+lga—¢ (i dx + ] dy+ kdz)
ox “dy oz
xdx+ydy+zdz

- (x2+y2+zz)

3/2
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'|-2xdx+2ydy+2zdz _ 1(=2 (x2+y 4y )_1/2
(% +y% +22)%/2 21 1
1 ial (¢) = = -2
scalar potential (¢) = (x2+y2+22)1/2 "_}|
Now,DiVﬁ =V.F
»d ~+0d 0 xf+y}+zl€
= [i—+]—+k— |
(l 9 ]ay az] (x2+y2+22)3/2
_ 9 x 9 Yy + 9 z
= o (x2+y2+22)3/2 ay (x2+y2+22)3/2 0z (x2+y2+22)3/2

(x2 + y2 + 22)3/2 - x(% )(x2 + y2 + 22)1/2(2x)
2)3

(x2+y2+z

e 2720 -y oot ) o)

2\3

+
(x2+y2+z )

(x +y +2z )3/2 ( )x +y +2z );(22)

(x? +y2+z )

+

1/2

2,2
- (x +y +Z)3 [x2 +y + 22 3x2+x2+y2+22—3y2+x2+y2+zz—322]

(x +y +z )
=0
Hence, E is solenoidal.
Q.8 (a) Solution:
(i) Probability of S, to be among the eight winners

Probability of S, being a pair) x (Probability of S, winning in the grou
y 1 gap ty 1 g group

1

1
1 XE = > (Since, S, is definitely in a group)

ii) If S, and S, are in the same pair, then exactly one wins,
1 2 P y

If S, and S, are in two pairs separately, then exact one of S, and S, will be among the
eight winner.

If S, wins and S, losses or S, loses and S, wins
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Now, the probability of S, , S, being in the same pair and one wins

= (Probability of S, , S, being the same pair) x (Probability of anyone
winning in the pair)

and the probability of S, , S, being the same pair

n(E)
" n(S)
where,
n(E) = The number of ways in which 16 persons can be divided in 8 pairs
(19! __(1e)!
B) = sy 4= 58 g

. Probability of S, and S, being in the same pair

(14)Ix (21 x8! 1
21 x71x16! 15

The probability of any one wining in the pairs of S, , S, = P(certain event) =1
. The pairs of S, , S, being in two pairs separately and S, wins, S, loses + The

probability of S, , S, being in two pairs separately and S, loses, S, wins

| |
(14) ><1><1+ 1—7(14)' ><1><1

@' x71| 2 2 @n' x71| 2 2
(16)! (16)!
(21)® x 8! (21)® x 8!

1 14 (14)! 7
= —X—X——=—
2 15 14! 15

. required probability
1 7 8
= — 4 —=—

15 15 15

Q.8 (b) (i) Solution:

Tolerance limits of the diameter of non-defective plugs are

175 0 2.75
0.752 - 0.004 = 0.748 cm
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0.752 + 0.004 = 0.756 cm
z =K
o
If x, = 0.748,
s - 0.748 - 0.7515 _ 175
1 0.002
If x, = 0.756
P 0.756 —0.7515 95
2 0.002
Area under, Z,=-175t0 Z,=225

(Area from Z = 0 to Z, = -1.75)
+ (Area from Z = 0 to Z, = 2.25)
0.4599 + 0.4878 = 0.9477
Number of plugs likely to be rejected

= 1000(1 - 0.9477) = 52.3
Approximately 52 plugs are likely to be rejected.

Q.8 (b) (ii) Solution:

f)
2
X,
2 0 2
f) = |+, 2<x<2
flx) =0, O0<x<2
= -x, 2<x<0
1
a, = —jf —J.xdx+ J.
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2 0
g = —jf snn—xdx——jxcosﬂzxdx+%_[(— cos =X gy

1 2 . nmx 4 nmx \J°
= —| x| —sin— |- (1)| —5—cos—
2| \nn 2 n’m? 2

0
1 2 . nmx 4 nwx
+ E[(—X)(ESIHT ]— (—1)(—WCOST)]_2

1 4 1] 1 4 4

= 0t (1) o | | 0= (1"
2[ 7/1211_(2 ( ) 7/1211_(2] 2|: 1’12752 1’12752 ( ) :|
1 4 4

- 3 [(—1) ~1- 1+(—1)”] _ ﬁ[(—n” —1]
—— ifnis odd

= 1’1271:2

0 if nis even

b, = 0as f(x) is even function

Fourier series is

I X 2mx . TX . 2mx
flx) = - +81c08—+cycos——+...+ bysin—+ by sin—+...
2 C c C c

X 3mx 5mx
8 COS7 COST COST
=1-— + + +...
2| 12 32 52
Q.8 (c) Solution:
h =0.1
Here, x, = 0, y=1
flx,y) =x+y
Now, Ky = he(xy, 4, =0.1(0+1) =0.1
h Ky
K, = hf| xg +E+ Yo +? =0.1/(0 + 0.05, 1 + 0.05)
= 0.1(0.05 + 1.05)
= 0.11
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2
0.1f(0 + 0.05, 1 + 0.055)
0.1105
K, = hf(x0 +h,y,+K,)
0.1f(0+0.1,1+0.1105)
0.1(0.1 + 1.1105)
0.12105
According to Runge-Kutta (Fourth order) Formula,

h K
K, hf(xo 5 +—2)

1

vy, = 1+ %(0.1 +0.22+0.221 +0.12105)

1+ %(0.66205) =1.11034

For the second step,
x, = 0.1, y, = 1.11034,
y =01
K, = hf(xo ’ ]/0)
0.1(0.1 + 1.11034)
0.121034

h K
K,=h +=,yg+—L
2 f (xo 5 Yo > )
0.1f(0.1 + 0.05, 1.11034 + 0.060517)
0.1(0.15 + 1.170857)

0.1320857

h K
h +—, Yy +—2
, =N (xo P REAUN )
0.1A0.1 + 0.05, 1.11034 + 0.0660428)
0.1(0.15 + 1.1763828)

0.13263828
g = hf(xgthyyt+ Ky)
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0.1(0.1 + 0.1, 1.11034 + 0.13263828)
0.1(0.2 + 1.24297828)
0.144297828

1
yl = yo +g[K1 +2K2 +2K3 +K4]

1.11034 + %[0.121034 +2x0.1320857 + 2 x0.13263828 + 0.144297828]

1.11034 + % % 0.794779788

1.11034 + 0.132463298
1.242803298

Q000
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